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1 Introduction to vector spaces and fields

Motivation: Linear algebra is ubiquitous: its applications are never-ending, particularly to com-
puters and signal processing (audio and video samples, data, and communications), as well as to
2D and 3D geometry.

Let F be a field, e.g., R,C,Q,Fa,.... We are interested in vector spaces V over F. We will give
the definition shortly, but let us consider some important examples of fields and vector spaces over
them.

In 2D geometry we often study:
F=R, V=R?={z=(21,29): 21,22 € R}.
In 3D geometry we often study:
F=R, V=R?={z=(21,29,23): 71,2223 €R}.
In computer science we often study:
{ FY, N >0
(or IF]]JV , more generally)
Definition 1.1. The vector space I'™ of n-tuples of elements of I is defined as:

r1

Z2

" = | iz, € F ., F = afield.

Tn



Remark 1.2. Pedantically, we should define F™ using the Cartesian product construction:

F":=F x---x F = {n-tuples (x1,...,x,) of elements z; € F'}

n times

This is also not completely precise, since the Cartesian product is usually first defined for products
of two sets (so, the case n = 2), before getting to products of n sets. So an even more pedantic
definition could be:

Fx(Fx( x(FxF)-))={(z1, (2., @0 1,20)...) : 25 € F},

or any other way of bracketing the n copies of F' into Cartesian products.

In this course, as in most of mathematics, such distinctions will be ignored, except in discussions
of the foundations of mathematics, or in situations where bracketing is important (due to a lack of
associativity of some structure). We will simply assume the well-known fact that F™ is well-defined
and its elements are as described in Definition [[1l

Example 1.3. In the case n = 1, we can make identify F' with F' by removing brackets:
F'5 F (a) = a.

In the first problem sheet (PS1), you will prove that V' = F™ is a vector space. The definition
of vector space is as follows. We begin with the definition of a commutative group:

Definition 1.4. A commutative group (V,+) is a set V' equipped with a binary operation + :
V x V — V satisfying:

For u,v,w €V, u+(v+w)=(u+v)+w (associativity)

Forv,weV v+w=w+v (commutativity)

ForveV 30:=(0,...,00€V, v+(0,...,0)=(0,...,0)+v. (zero vector exists)
ForveV, 3—veV v+ (—v)=0=(—v)+v (inverses exist)

Remark 1.5. Note that the element 0 is unique, since given another zero 0/, we have 0’ = 0+0" = 0.
Also, additive inverses (negatives) are unique as well (provided they exist), because if w+v = 0, then
v+(—v) = 0 = w+wv, which implies that w = w40 = w+(v+(—v)) = (w+v)+(—v) = 0+—v = —wv.

Definition 1.6. A vector space V over a field F' is a commutative group (V,+) together with an
action F'x V' — V, (A, v) — Av, called scalar multiplication, satisfying the following properties: For
all \,p € Fand v,w eV,

(uv) = (Ap)v  (associativity)

(v+w) =M+ w, € Fv,weF" (distributivity)
(A4 p)v = Av+ pv  (distributivity)

1-v=wv (unit multiplication).

As an example, let us verify the unit multiplication property:
1-(v1yeeoyvn) =0 v,y 1-0y) = (V1,...,0p).

Other examples of vector spaces:

-F CFE (fields= FE is an F-VS)
‘FIX]={a+aX+...4+a,X":a;, € F} polynomials
‘Fun(X,F)={f: X — F} functions



Remark 1.7. These examples also have a commutative multiplication of vectors by vectors, but
in general vector spaces we cannot multiply two vectors.

Definition 1.8. A subset W C V of vector space V is called a subspace if:

e 0cW

e W is closed under addition, i.e., v,w € W implies v +w € W

e W is clused under scalar multiplication: for all w € W and A € F', we have A\w € W.
Observation 1.9. (—1)-v = —v: see PS1 for more on this exercise.

Therefore, W is also a vector space.

Observation 1.10. For every w € W, we have 0-w = 0, because 0-w = (0+0) - w=0-w+0-w,
and subtracting 0 - w from both sides yields 0 = 0 - w.

Using the observation, we can replace the axiom that 0 € W by the axiom that W # ().

Recollections on the definition of fields and related notions

Definition 1.11. A semigroup is a set .S together with a binary operation
Sx S =S5, (a,b) = a- b,

which is associative: for all a,b,c € S we have (a-b)-c=a-(b-c).

Definition 1.12. A monoid is a semigroup M together with a distinguished element 1 € M, called
the identity, such that
a-1=1-a=a forallae M.

Definition 1.13. A group is a monoid G such that for every element g € G there exists an element
g~ ' € G, called the inverse of g, with

Definition 1.14. A group G is called commutative (or abelian) if
gh=hg forall g,h €.

Definition 1.15. A ring (R,+,-) is a set R equipped with two binary operations, addition + and
multiplication -, such that:

1. (R,+) is a commutative group. In particular, addition is associative and commutative, there
is an additive identity element 0 € R, and every a € R has an additive inverse —a.

2. (R,-) is a monoid. In particular, multiplication is associative and there is a multiplicative
identity element 1 € R.

3. Multiplication distributes over addition: for all a,b,c € R we have

a-(b+c)=(a-b)+(a-c) and (a+b)-c=(a-c)+(b-c).



Definition 1.16. A ring (R, +,-) is called commutative if the multiplication is commutative, that
is,

a-b=>b-a foralla,beR.

Definition 1.17. A field is a commutative ring R such that (R\ {0}, ) is a group. In other words,
every non-zero element of R has a multiplicative inverse.

Definition 1.18. Let F be a field. A subfield of E is a subset /' C E such that:
1. 1€ F;
2. F is closed under addition and multiplication: if a,b € F, then a+ b € F and ab € F
3. F'is closed under additive inverses: if a € F', then —a € F;

4. F is closed under multiplicative inverses of non-zero elements: if ¢ € F and a # 0, then
-1
a *€F.

Observation 1.19. In any field we may write sums and products without parentheses, because
both operations are associative. Thus

a+b+c=(a+b)+c=a+(b+c) and abc= (ab)c= a(bec).
We also define subtraction in terms of addition by
a—b:=a+ (-b).

Observation 1.20. You may use without proof that R and Q are fields; this should be familiar
from earlier courses.

More examples of fields

Definition 1.21. Let p be a prime number. The set

F,={0,1,...,p—1}

becomes a field when we define addition and multiplication modulo p. More precisely, to add or
multiply two elements a,b € [, we first perform the usual integer addition or multiplication, and
then take the remainder upon division by p, which is an element of {0,1,...,p — 1}. Subtraction
is defined similarly by working in the integers and then reducing modulo p.

Exercise (Problem Sheet 1). Prove that F), is a field.

Hints for the exercise. First check that (Fp,+,0) is a commutative group: addition is commu-
tative and associative, 0 is an additive identity, and every a € F), has an additive inverse (namely
p — a, reduced modulo p). Next check that (Fp,-, 1) is a commutative monoid: multiplication is
associative and commutative, and 1 is a multiplicative identity. It is also straightforward to verify
that multiplication distributes over addition:

a(b+c¢)=ab+ac and (a+b)c=ac+ be

for all a,b,c € IF),.
The less obvious step is to show that every non-zero element has a multiplicative inverse.



Claim 1.22. For every a € F), with a # 0, there exists a"le ), such that

Proof. Because multiplication in [F,, is commutative, it is enough to find b € [F,, such that ab = 1.
Consider the p elements
a-0,a-1,a-2,...,a-(p—1)

of F,. Each of these is well-defined modulo p. We claim that these p elements are all distinct.
Suppose that
a-c=a-d forsomec,de{0,1,...,p—1}.

Then
a-(c—d)=0 inTF,.

The following lemma shows that this implies ¢ — d =0 (mod p), hence ¢ = d, so the list above has
p distinct elements. Since [, has exactly p elements, these p multiples of @ must be all of F,,. In
particular, 1 is one of them, so there exists b € ), such that ab = 1, as required. ]

Lemma 1.23. Let z,y € F),. Then
zy=0 <+= a=0o0ry=0.

Proof. Think of z and y as integers in {0,1,...,p — 1}. The equality zy = 0 in [, means that p
divides the integer product zy. Since p is prime, this implies by a standard result you have seen
that p divides x or p divides y. Thus z =0 (mod p) or y =0 (mod p), which means z =0 ory =0
in F,,. O

Using the claim and the lemma, we conclude that every non-zero element of F, has a multi-
plicative inverse, and therefore I, is a field.

We now describe some further examples of fields.

e The set
Qi|={a+bi:a,beQ}CC

is a field, where i is a complex number with i> = —1 (as usual). Addition and multiplication
are defined by the usual rules for complex numbers.

e We can construct a similar example starting from [F,, instead of Q. Suppose that the equation
2> +1=0

has no solution in F,,. This happens precisely when p =3 (mod 4), that is, when p = 4k + 3
for some integer k. In that situation we can adjoin a symbol « satisfying o? + 1 = 0 and
consider

Fplal = {a+ba:a,beF,}.
One can check that this is a field with p? elements.

e In the field F)[a] we still perform addition and multiplication modulo p on the coefficients a
and b. In particular, p-1 = 0 in this field, so we are not working modulo p? (which would
give the ring Z/p?Z). Instead, we have constructed a new field of size p?.



e Given any complex number z € C, we can consider the smallest subfield of C that contains
both Q and z. This is called the subfield generated by z and is usually denoted by Q(z). It
consists of all rational functions in z with coefficients in Q:

o) = {25

q(2)

nqe@XL¢@¢o}

where Q[X] denotes the ring of polynomials with rational coefficients.

e Analogously, starting from F, one can construct finite fields of size p™ for any prime p and
any positive integer m, by adjoining roots of suitable polynomials. These fields are often
denoted by Fpm.

e A fundamental fact (which we will not prove here) is that for each prime power p™, any two
fields with p™ elements are isomorphic. In other words, up to isomorphism there is essentially
only one field of size p™.

In these lectures we will develop matrix theory and linear algebra over an arbitrary field. You can
keep your favourite example (for instance R, Q, or F}) in mind while we work.

There are also important results that are specific to particular fields such as R or C, for example
spectral theorems or various decomposition results. We will not study those results in this course.

Practical information.

e You can get Al-generated feedback on your solutions to problems from the problem sheets at
https://wuw.lambdafeedback. com.

e You can try to code solutions to the first problem sheet in the theorem prover Lean. A start-
ing point is the repository https://github.com/ImperialCollegeLondon/LAGinLean2024/
tree/main/LAGinLean/.

2 DMatrices, linear equations, and Gaussian elimination

Matrices as coordinates for linear transformations

Matrices give a convenient “coordinate” description of linear transformations.
Let T': V — W be a linear map between vector spaces over a field F'. Recall that linearity
means

T(v1+v2) =T(v1) +T(v2) and T(A\v) = AT (v)

for all v1,vo,v € V and all scalars A € F.
Once we choose a basis (that is, coordinates) on V and W, we can identify V' = F™ and
W = F™_ and then rewrite T as a map

T:F"— F™,

(xlu"'vxn) — (y17"'7ym)7

where each output coordinate y; is a linear combination of the input coordinates:
n
Y; = Zaijxj, aij € F.
j=1

The coefficients a;; can be collected into a matrix, which encodes the linear transformation 7'.


https://www.lambdafeedback.com
https://github.com/ImperialCollegeLondon/LAGinLean2024/tree/main/LAGinLean/
https://github.com/ImperialCollegeLondon/LAGinLean2024/tree/main/LAGinLean/

Definition 2.1. Let m,n € N. The set of all m x n matrices with entries in a field F' is

ail - Qlp
Mysn(F) := : : ta;j €F
Ami * + Qmn
An element of M, x,(F) is called an m x n matriz over F.

Given a matrix A € M, «,(F') and a column vector z € F™, we can define the product Az € F™
by
air -+ Qln T Y
A=

aml - Gmn Tn Ym

n
Yi = g Qij Ly
j=1

This is exactly the situation above, with A representing the linear map 7 in the chosen bases.

where

Matrix multiplication

Definition 2.2. Let A = (a;j) € Mpxn(F) and B = (bjy) € Myxp(F). The product AB is the
m X p matrix

AB = C = (cit) € Mpmxp(F),

whose entries are defined by
n
Cip ‘= Z aij bjg.
Jj=1

Observation 2.3. The matrix product AB is only defined when the number of columns of A
equals the number of rows of B. In the notation above, A must be m x n and B must be n X p. In
that case, the product AB is an m X p matrix.

In terms of entries, the product looks like

ailr -+ Qin bir -+ b abin + -+ apbpr o0 anbiyp + o+ aipbny

m1 °**  Amn bnl e bnp amlbll + -+ amnbnl e amlblp + -+ amnbnp

Example 2.4. The zero matrix behaves as expected under multiplication. For instance,

0 0\ /0 0y (0 O
0 0J\0o 0/ \0 0/
Example 2.5. Matrix multiplication is not commutative in general: it is usually not true that
AB = BA.
0 0 00
S R A ()

Consider the two matrices
Then
0 0 0 0
AB — <0 1), BA— (1 0),

and AB # BA.



Matrices as a vector space

Proposition 2.6. For fixed m and n, the set M, «,(F') of all m x n matrices with entries in F' is
a vector space over F' under the following operations:

o Addition:
(@ij)mxn + (bij)mxn = (@ij + bij)mxn-

e Zero vector: the zero matrix
0:={: -
0 --- 0
satisfles A+0=A =0+ A for all A € M,xn(F).
o Additive inverse: for A = (a;;), the matrix
—A = (—ai)
satisfies A+ (—A) =0=(—A4) + A.
o Scalar multiplication: for A € F' and A = (a;5),

A = ()\a”)

Proof. The verification is straightforward. For example, if A\, u € F' and A = (a;;), then

(M)A = ((w)aiz) = (Muay)) = M(naiy)) = AnA),
so scalar multiplication is associative. Similarly,

AMA+ B) = Maij + bij) = (Aagj + Abjj) = AA + AB,
and

A+ A = ((A+ paiy) = (Aai; + paig) = AA + pA.

The remaining vector space axioms (such as commutativity and associativity of addition, existence
of additive inverses, and the identity 1- A = A) are checked entrywise and are left to the reader. [J

Remark 2.7. Unlike some other examples of vector spaces (such as the field F' itself, or the
polynomial ring F[X]), the space My, xn(F') does not carry a natural matrix multiplication unless
m = n. In general, the only multiplication available is the composition-type multiplication

men(F) X Mnxk(F) — mek(F)7

which corresponds to composing linear maps F¥ — F" — F™. When m = n = k, this specialises

to a multiplication
Mnxn(F) X Mnxn(F) — MTLX’I’L(F)7

making M,,x,(F') into a ring (and in fact an algebra over F, meaning that the multiplication is
F-bilinear).




Systems of Linear Equations

Observation 2.8. Consider a matrix A € M, x,(F'), a column vector of unknowns

and a column vector )

The matrix equation
Az =b

is equivalent to the system of m linear equations
n
Zaijxj = bi for all ¢ = 1,... , 1,
j=1
where a;; denotes the (i, j)—entry of A.

Notation 2.9. We often write the matrix equation in the compact form
Az = b,

where

The entries of x are the unknowns of the system, and the entries of b are the constants on the
right-hand side.

Definition 2.10. Let A € M,;,»,(F) and B € M,;,x,(F'). The augmented matriz associated to the
pair (A, B) is the m x (n 4 p) matrix denoted by

(A|B),
obtained by placing the columns of B to the right of the columns of A.

Observation 2.11. In the context of a single system of linear equations Az = b, it is common
to take B = b € Mp,x1(F) and to work with the augmented matrix (A | b). This packages the
coefficients of the unknowns and the constants on the right-hand side into a single matrix.

More formal properties of matrices

Bilinearity of the action of a matrix on a vector

Proposition 2.12. The map

Mopsn(F) X Mypx1(F) — My (F), (A,v) — Av,



is F-bilinear. That is, for all matrices A, B € My, xn(F), all column vectors v,w € M, «1(F'), and
all scalars A\, i € F', we have:

(A)v = A(Av), A(Av) = A(Av),
A(v +w) = Av + Aw, (A+ B)v = Av + Bu.

Proof. Write A = (a;;), B = (bi;), v = (v;), and w = (wj). For the first identity,

(AAW), = Ny =2 aijv; = (MAv)),,

J J

0 (AM)v = A(Av). A similar calculation shows A(Av) = A(Av):
v), = aij(hvj) = A>_aijv; = (MAv)),.
J J
For additivity in the vector variable,

( v+ w) Zaw vj + wj) Zal]v] + Zauwj + (Aw);,

so A(v 4+ w) = Av + Aw.
For additivity in the matrix variable,

((A+B)), = Z(a” + bij)vj = Z a;;vj + Z bijv; = + (Bv);,

J
o (A+ B)v = Av + Bv. This proves bilinearity. O
Corollary 2.13. For any fixed matrix A € M,,x,(F'), the map
Ty: F" — F™, v +— Av,
is F'-linear.

Proof. The bilinearity of (A,v) — Av shows that for fixed A the map v — Awv is additive and
homogeneous in v, which is precisely the definition of linearity. O

Remark 2.14. Using the identification F™ = M, (F) and F™ = M, x1(F'), we can also regard
T4 as a linear map
Mnxl(F) — mel(F)7

still given by v — Av.

Matrix multiplication and columns

Proposition 2.15. Let A € M, «,(F) and let
B = (By By -+ Bp) € Myyxp(F),
where B; denotes the j—th column of B. Then
AB = (AB1 ABy --- AB,),

that is, the j—th column of AB is AB;.

10



Proof. Let C = AB. The (i,j)—entry of C is

Cij = (AB)ij = Y _ AyBy;.
k

On the other hand, the j—th column B; is the vector whose k-th entry is By, so the i—th entry of
AB]‘ is
(ABj)i = Ai(Bj)p = > _ AirBj.
k k
Thus (AB;j); = Cj; for all i, so the j-th column of C'is ABj, as claimed. O

Remark 2.16. A completely analogous statement holds for rows. If

By
B=1":
By
is written in terms of its rows Bi, ..., By, and A is a suitable matrix, then
B{A
BA = : )
B,A

so the +—th row of BA is B;A.

Transpose of a matrix

Definition 2.17. Let A € M,,x,(F). The transpose of A is the matrix A® € M,,«,,(F) defined by
(AY);; = Ay for all 4, 5.

Notation 2.18. If M is a matrix, we write M;; for the (i, j)—entry of M.

Proposition 2.19. For any matrices A and B for which the product AB is defined, we have
(AB)! = B'A".

Proof. Let C' = AB. Then
(AB)% = ij = Cji = (AB);i.

By the definition of matrix multiplication,

(AB)ji = Y AjiBh.
k
Now note that By; = Bl and Aj; = Azj, SO
Y AjBri =Y BlpAy; = (B'A")i;.
k k
Thus (AB)j; = (B'A"); for all 4,5, so (AB)" = B'A". O

11



Corollary 2.20. Matrix multiplication
Myn (F) X Moep(F) — Myp(F), (A, B) > AB,
is F'-bilinear.
Proof. Write B = (B; --- B,) in terms of its columns. By the proposition on columns, we have
(A,B)— AB = (AB; --- AB)),

and each map (A, Bj) — AB; is bilinear by the earlier bilinearity result for M, s, (F) x Myx1(F).
Since matrix addition and scalar multiplication are done column by column, it follows that (A, B) —
AB is bilinear. O

In particular, matrix multiplication is distributive over addition in each variable:
A(B4+C)=AB+ AC and (A+ B)C=AC+ BC

whenever the products are defined.

Identity matrices and associativity

Definition 2.21. The identity matriz of size n is the matrix

10 --- 0
o1 --- 0
I, € M’an(F)7 I, = .
00 1
A scalar matriz is a matrix of the form
A0 - 0
0o X - 0
)\In - . ;
0 o0 - A
where A € F.
Observation 2.22. For any A € M,,x,(F') we have
I,A=A=AI,.

More generally, for any scalar \ € F',
(M)A = XA = A(M,),
whenever these products are defined.

Theorem 2.23. Matrix multiplication is associative. That is, whenever the products are defined,

(AB)C = A(BC).

12



Proof. Let A € My,xn(F), B € Myxp(F), and C € Mpyq(F). Then

((AB)C),; = > (AB)uCyi = <Z AikBM) Coj = > AuwBreCy;.

¢ ¢ k kL

On the other hand,
(A(BC)),; = D Ai(BO)j =) Ay (Z BkZCZJ) = AyBiCyj.
k k ¢ k0
Thus ((AB)C)i; = (A(BC));; for all 4,4, so (AB)C = A(BC). O
Corollary 2.24. For matrices A, B of compatible sizes and a column vector v, we have
A(Bv) = (AB)v.

In other words, matrix multiplication agrees with composition of the corresponding linear maps: if
Tg:v+— Bvand T4 : w+— Aw, then

TaoTp:v+— A(Bv) = (AB)wv.
Thus, at the level of matrices,

AB represents the composition T4 o0 Tg.

Transpose and some special types of matrices

Definition 2.25. Let A € M, (F'). The transpose of A is the matrix
A" € My (F)

defined by
(At)ij = A]’i for all Z,]

()

satisfies A = A, so it is equal to its transpose.

Example 2.26. The matrix

Observation 2.27. For every matrix A, we have (A!)! = A. In particular, the transpose operation
maps M, xn(F) to itself: the transpose of a square matrix is again a square matrix of the same size.

Definition 2.28. Let A € M, «,(F') be a square matrix. We say that:
o A is symmetric if A = A,
o Ais antisymmetric (or skew-symmetric) if A = —A?.

e Ais orthogonal (over F' = R; or more generally, orthogonal/unitary with respect to a suitable
inner product) if
AA' =1, = A'A.

13



Remark 2.29. Later we will prove that if A, B € M, «,(F) satisfy AB = I,,, then automatically
BA = I, as well. In other words, for square matrices a right inverse is also a left inverse.

Definition 2.30. Let A € Man(F)D

o We say that A is upper triangular if
A;; =0 whenever ¢ > j.

In other words, all entries strictly below the main diagonal are zero. A typical 2 x 2 example
* %
0 x/°

Ai; =0 whenever ¢ < j.

1S

o We say that A is lower triangular if

That is, all entries strictly above the main diagonal are zero. A typical 2 x 2 example is
* 0
x k)

Ai;; =0 whenever i # j.

e We say that A is diagonal if

Thus only the diagonal entries may be non-zero, for instance

G 2)

A quick application: Fibonacci numbers

Let (Fy,)n>0 be the Fibonacci sequence, defined recursively by
F,=F, 1+ F, o forn>2,

with initial values Fj and Fj.
We can package the recursion into a matrix equation:

0 )G =(%Y

Iterating this matrix multiplication, we obtain

(1) ()= ()

Computing the n-th power of a general 2 x 2 matrix directly is not very convenient. However,
if we can write the matrix in diagonal form

a O
=5 ).

Tn some places, one allows A € M,xn(F) to be nonsquare; the definitions here make sense in this generality. But
we will not need to consider this in this course.

14



then

a® 0
n _
bt = (0 b”) ’
which is easy to compute.
More generally, if a matrix A can be written as

A=P'DP

for some invertible matrix P and diagonal matrix D, then
A" = (P~'DP)" = P71D"P,

since matrix multiplication is associative and P~'P = I.
In the case of the Fibonacci matrix
0 1
1 1)’
V5\"n

o= (U5 gey)

F
for a suitable invertible matrix P. Applying this to the initial vector < F0>’ and choosing Fy = 0,
1

A

one can show that

F} =1, one eventually obtains the closed formula
1
F,=—

s[5

known as Binet’s formula. Note that the final formula for F},, can be written without any explicit
reference to matrices, even though matrices provide a very efficient way to derive it.

Solving systems of equations

The 2 x 2 case

Consider the system
ax + by = e,

cr +dy = f,

(ca))-0)

We can solve this system by eliminating one of the variables. Assume first that ¢ # 0. Multiply
the second equation by —a/c:

which we can write in matrix form as

—g(cac +dy) = —gf.
c c

Adding this to the first equation gives

am—i—by—%(cm—i—dy):e—%f,

15



so the z—terms cancel and we obtain

d  be—ad
If ad — be # 0, then b — 2% = 27 %% () and hence
C C
_ec—af
bec —ad’

Substituting this expression for y back into one of the original equations gives

x_bf—de
 be—ad’
Thus
AN de —bf .
<y>_ad—bc <af—ce>’ provided ad — bc # 0.

Remark 2.31. 1. Although we assumed ¢ # 0 in the elimination step, the final formula still
holds even if ¢ = 0, provided ad — bc # 0.

2. If ad — bc = 0, then the left-hand sides ax + by and cx + dy are multiples of each other. In
that situation, two things can happen:

e The system is inconsistent, for example
x+y=1, 20+ 2y =1,

where the two equations contradict each other.

e The system is effectively equivalent to a single equation (or possibly has no equation at
all, as in Oz 4+ Oy = 0). In this case there are infinitely many solutions if the field F is
infinite.

Gaussian elimination

In the 2 x 2 example, we eliminated the variable x from one equation by adding a suitable multiple
of the other equation, and then we performed back-substitution. This procedure generalises to
larger systems and is called Gaussian elimination.
Consider, for instance,
1 0 1 1
2 1 =2 To | =
-1 1 0 T3

T~ W

We can perform row operations to simplify the system. First use the first equation to eliminate xq
from the second row:

R2 — RQ — 2R1,
giving
1 0 1 I 3
0 1 —4 xo | = [ -2
-1 1 0 T3 5}



Next use the first equation to eliminate x; from the third row:

R3 <+ R3 + Ry,
giving
1 0 1 I 3
01 —4 T | = | -2
0 1 1 I3 8

‘We then continue:

1. Use the first equation to eliminate x; from all other equations.
2. Use the second equation to eliminate xo from all later equations.

3. Continue in this way, then solve the resulting triangular system by back-substitution.

Continuing the example, subtract the second row from the third:

R3 < R3 — Ry,
obtaining the augmented matrix
10 1 | 3
01 —4 | -2
00 5 | 10

From the last row we get
523 =10 = x3=2.

Then the second row gives
To — 4dx3 = —2 = $2=—2+4-2:6,

and the first row gives
rT1+x3=3 = x1=3—x3=1.

This method works very well except in certain special situations.

Row operations and edge cases

Sometimes the top equation does not involve the first variable. For example,

0 1 x | =x
1 % % | %)
where * denotes some (possibly non-zero) entry. In such a case we cannot use the first row to

eliminate x1, because x1 does not appear in that row.

Observation 2.32. In situations like this, we simply permute the rows so that an equation involving
the next variable we want to eliminate appears first. Permuting equations does not change the
solution set.
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Observation 2.33. We are also allowed to multiply an equation by a non-zero scalar. For instance,
3r3+---=6 << zx3+---=2.

In matrix form, this corresponds to multiplying a row by a non-zero scalar to make its leading
non-zero coefficient equal to 1.

After such operations, a typical matrix obtained by Gaussian elimination has a staircase, or
“echelon” form, with 1’s in the corner, looking like:

1 * ok % %k Kk ... %
0 0 1 * k% *
0 0 O 0 1 =« x|

where one can have some zero rows at the bottom, and any number of nonzero rows; in the example
we have at least three, but there can be fewer or more.

Row echelon form and pivots

Definition 2.34. A matrix is said to be in row echelon form (often abbreviated REF) if:

e Every non-zero row has a first non-zero entry equal to 1 (this is called the leading or pivot
entry).

e As we move down the rows, the position of the first non-zero entry moves strictly to the right.
That is, the pivot in each subsequent non-zero row appears in a later column than in the row
above.

e Any rows consisting entirely of zeros appear (if at all) at the bottom of the matrix.

Definition 2.35. In a matrix in row echelon form, a column that contains a pivot (that is, a
leading 1 of some row) is called a pivot column. The variables corresponding to pivot columns are
called pivot variables.

Solving a system in row echelon form

Once a system has been reduced to row echelon form, we can solve it starting from the last non-zero
row and working upwards, expressing pivot variables in terms of the remaining variables.

Example 2.36. Consider

€1
01 2 3 4| [z 5
0 0 0 1 6flxz|=1|7
0 00 0 1| [zg 8
5
From the last row we obtain
{L‘5:8.

From the second row,
Ty +6x5=7 = x4=7-—6-8=—41.
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From the first row,
To + 223 + 3x4 + 45 = 5.

Substituting x4 and x5 we find
x9 =5—2x3 —3xg4 —4a5 =5 — 223 — 3(—41) —4 -8 = —2x3 + 96.

Here z; and x3 do not appear as pivot variables; they are free variables. The pivot variables are
T9, T4, and x5, which we have expressed in terms of the free variables.

Notation 2.37. The number of pivot variables (equivalently, the number of pivot columns) is
called the rank of the augmented matrix (A | b).

The Gaussian elimination algorithm

Formally, Gaussian elimination proceeds as follows:

1. If necessary, permute the rows so that in the first non-zero column, the top row has a non-zero

entry:
[O o] 1, a #0.

0 * =«

2. Rescale the first row so that its leading entry (here «) becomes 1.

3. Add suitable multiples of the first row to all other rows to eliminate that leading variable
from the other equations, producing zeros below the pivot:

0 1 =
0 0 x|’

4. Ignore (or delete) the first row and the first pivot column, and repeat the procedure on the
remaining rows and columns.

This algorithm produces a matrix in row echelon form.

Solving from a row echelon form

Once we have a row echelon form, we proceed as follows:

e Identify the free variables: these correspond to columns which are not pivot columns.
e Starting from the last pivot row and moving upwards, solve each pivot variable in terms of
the free variables (this is back-substitution).
Gauss—Jordan elimination and reduced row echelon form

Gauss—Jordan elimination is a refinement of Gaussian elimination that removes the need for back-
substitution. After obtaining a row echelon form, we continue with additional row operations to
simplify the matrix further: we use the pivot rows to eliminate the entries above each pivot as well.

Definition 2.38. A matrix is in reduced row echelon form (often abbreviated RREF) if:

e It is in row echelon form.
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e Every pivot entry is equal to 1.
e Each pivot is the only non-zero entry in its column.

Equivalently, the pivot columns are standard basis vectors

with a single 1 and all other entries zero. In this form, solving the system requires no back-
substitution: each pivot equation directly expresses a pivot variable in terms of the free variables.

Below we will prove that the reduced row echelon form of a matrix is unique. As a consequence,
the number of pivot columns (the rank) is independent of the sequence of row operations used.

Remark 2.39. In practice, during Gauss—Jordan elimination, the only real choices we make are
which row permutations to apply and in what order to perform elimination. The uniqueness
theorem says that, regardless of the choices, the final reduced row echelon form is always the same.

Remark 2.40. Alternatively, we can deduce that the rank is well-defined by looking at the number
of free variables in the solution set. The general solution of a consistent system depends on one
parameter for each free variable, so the number of free variables is determined by the solution set
and does not depend on the row operations used. Since

#free variables = n — #pivot variables,

where n is the total number of variables, the number of pivot variables (and hence the rank) is also
uniquely determined.

To solve a system in reduced row echelon form, we proceed exactly as in the row echelon case,
but we do not need back-substitution, and we may solve the pivot equations in any convenient
order.

Example 2.41. Consider the reduced row echelon matrix

00 7
1 0 -1
0 1

0
0
0 2

S O =

as the coefficient matrix (including the right-hand side as the last column) for a system in the
variables z1,...,x5. The equations are

To + Txs = 2, T3 — x5 = —1, T4 + 205 = —4.
Solving for the pivot variables we obtain
ro=2—"Trs, x3=-—1+2x5 x4=—4—2z5.

The variables 1 and x5 are free.
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Row equivalence and uniqueness of reduced row echelon form

Definition 2.42. Let A, B € M« (F). We say that A and B are row-equivalent if B can be
obtained from A by a finite sequence of the following elementary row operations:

e permuting two rows,
e multiplying a row by a non-zero scalar,
e adding a scalar multiple of one row to another row.
Theorem 2.43. Every matrix is row-equivalent to a matrix in reduced row echelon form.
Proof. This is precisely what the Gauss—Jordan elimination algorithm achieves. O

Theorem 2.44. A reduced row echelon form augmented matrix (A | b) is inconsistent if and only
if the last column is a pivot column.

Proof. If the last column is a pivot column, then there is a row of the form

which corresponds to the equation 0 = 1, so the system is inconsistent.

Conversely, suppose the system is inconsistent. In reduced row echelon form, an inconsistency
must appear as a row 0---0 | ¢ with ¢ # 0, and the last column must then contain a pivot in that
row. Hence the last column is a pivot column. O

In the consistent case, once we know which columns are pivot and which are free, the general
solution is uniquely determined. Two different reduced row echelon form matrices with the same
pattern of pivot and free columns would produce different solution sets, so this pattern is intrinsic
to the matrix.

Pivot columns and solution sets

Suppose the general solution of a consistent system can be written as

T =¢ + a;vj +--+ QipVj,,

where vj,...,v;, are the free variables and ¢; is a constant (possibly zero). Setting all the free
variables to zero recovers x; = ¢;. Varying one free variable at a time (for instance setting
(vjy,--,vj,) = ;) allows us to recover the coefficients a;.

Observation 2.45. For a consistent system Az = b with A € My, (F), the i-th column is a
pivot column if and only if the variable x; is uniquely determined by the variables x;41,...,2Zn
(equivalently, by the free variables). Thus the set of pivot columns is uniquely determined by the
solution set.

Theorem 2.46. (i) If (A | b) is row-equivalent to (A’ | V'), then the two systems Az = b and
A’z = b have the same set of solutions.

(ii) Conversely, if (A | b) and (A" | b') are consistent augmented matrices in M, (41)(F) and
they have the same set of solutions, then they are row-equivalent.
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(iii) For any matrix A, there is a unique reduced row echelon form matrix B that is row-equivalent

to A.
Proof. (i) We check that each elementary row operation preserves the solution set.

e Permuting rows does not change the set of equations, only their order.

e Multiplying a row by a non-zero scalar A replaces an equation of the form Af(z) = 0 by
f(x) = 0, which has the same solutions since \ # 0.

e Adding a multiple of one row to another replaces an equation fj(z) = 0 by f;(z) +
Afi(x) = 0, where f;(x) = 0 is another equation in the system. If fj(z) = 0 and f;(z) =0
both hold, then so does f;(x)+ Afi(x) = 0, and conversely, from f;(z)+ Afi(z) = 0 and
fi(z) = 0 we recover f;(z) = 0. Thus the set of common solutions is unchanged.

(ii) If (A | b) and (A" | &) are consistent and have the same solutions, then their reduced row ech-
elon forms must also have the same solutions. But a reduced row echelon form is determined
by its solution set, so the reduced forms must be equal. Therefore (A | b) and (A’ | V') are
row-equivalent.

(iii) Let B and B’ be two reduced row echelon form matrices that are row-equivalent to A. Then B
and B’ are row-equivalent to each other, hence, by (i), define systems with the same solution
set. By (ii), B and B’ must be row-equivalent and in reduced row echelon form; but a reduced
row echelon form is determined by its solution set, so B = B’. Hence there is a unique reduced
row echelon form matrix row-equivalent to A.

O]

Inverting matrices

Right inverses and solving multiple systems

Definition 2.47. Let A € My, xn(F). A matrix C € M, (F) is called a right inverse of A if
AC = Iy,.

Similarly, a matrix B € M« (F) is called a left inverse if BA = I,,.

Observation 2.48. The equation
AC =1,

holds if and only if the columns C1,...,C,, of C' satisfy
AC;=¢; foralli=1,...,m,

where e; is the i-th standard basis vector of F™. Thus finding a right inverse amounts to solving
the systems Ax = e; for each i.

Observation 2.49. To solve several systems
AJZ‘:Bl, A.%':BQ, ey A[E:Bk,

we do not need to run Gaussian elimination k£ times. Instead, we form the augmented matrix
(A| By --- By) and perform Gauss—Jordan elimination once:

G
(A| By - By) 25 (R|Cy -+ C),
where R is in reduced row echelon form and each Cj is the transformed right-hand side. Then

solving Az = B; is equivalent to solving Rz = C; for each 1.
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Example 2.50. Consider

Performing row operations, we obtain

211 0 1
110 1 1

Interpreting this, we see that the 2 x 1 matrix

-

does not have a right inverse: there is no 1 x 2 matrix C such that AC = I5, because A represents
a linear map from F? to F and cannot be bijective. On the other hand, the row matrix

(2 1)

2 1) (Z) =1

gives 2a + b = 1, which has infinitely many solutions if 2 # 0 in F, for example (a,b) = (0,1) or
(a,b) = (1/2,0).

does have (many) right inverses: solving

Constraints on left and right inverses

Claim 2.51. If AC = I, has a solution (that is, if A has a right inverse), then m < n, and the
rref form matrix of A has no zero rows.

Proof. For the first statement, suppose by contradiction that m > n. Consider the augmented
matrix (A | I;,) of size m x (n +m) and apply Gauss—Jordan elimination:

(Al Ln) ~ (R]C),

with R in reduced row echelon form. Since m > n, the matrix R must have at least one zero row.
If AC = I,,, for some C, then the system AX = I,,, is consistent, so the corresponding system
RX = C is also consistent. Therefore C' must have a zero row in the same position. But applying
Gauss—Jordan elimination to (I,,,) alone would produce I,,,, which has no zero rows. This contradicts
the uniqueness of the reduced row echelon form. Hence m < n.
The same proof in the preceding paragraph shows that, if rref(A) has a zero row, then A has
no right inverse. O

Corollary 2.52. If A € M, , is a square matrix and A has a right inverse, then rref(A4) = I.

Proof. We saw that the rref form of A has no zero rows. Since it is square, it must be the
identity. O

Transposing, we obtain:

Corollary 2.53. If BA = I,, has a solution (that is, if A has a left inverse), then m > n.
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Corollary 2.54. If A € M, , is a square matrix and A has a left inverse, then rref(A) = I.

Corollary 2.55. If A has both a left inverse and a right inverse, then A must be square (that is,
m = n). Moreover, if A is square and AB = I and CA = I, then B = (' this common matrix is
the inverse A~', and it is unique.

Proof. This follows immediately from the preceding and the following problem sheet exercise: if
AB=1and CA=1,then B=IB=(CA)B=C(AB)=CI=C. O

Corollary 2.56. If A is invertible, then
(A|T) Gauss-Jordan (1A
(see Theorem 2.6.2).
Proof. As we saw, A has to be square and rref(A) = I. Let
(A~ (I]C)
be the result of Gauss-Jordan elimination. So AB = I is equivalent to IB = C, thus A~' = C. O

Remark 2.57. On Problem Sheet 2 you will see that each elementary row operation can be realised
as left multiplication by an elementary matriz E, that is,

A—— FA.
This gives another proof that
(A | 1) Zowoperations, ) 4-1y

if Ek N -E2E1A = I, then
Ep---FyFy = AL

It also proves the converse: if (A|I) — (I|C) by row operations, then Ej --- E1A = I, and since E;
are invertible, we get that A = E| L E_ s invertible.

Examples of invertibility

Example 2.58. Let
1 2 3
A=1|4 5 6
789

We claim that A is not invertible. Performing Gaussian elimination, we find

1 2 3 1 2 3 1 2 3
4 5 6] ~13 3 3|~1(3 3 3],
78 9 6 6 6 0 00

so the reduced row echelon form is not the identity. A more systematic reduction gives

1 2 3 1 2 3 1 2 3 1 2 3
45 6]~10 -3 -6]~1(10 1 2 ~10 1 2|,
78 9 0 -6 —12 0 -6 -—12 0 00

again showing that the reduced row echelon form has a zero row and is not the identity. Therefore
A is not invertible.

24



Example 2.59. Consider the matrix

123|100
368010
2 6 6| 001
Applying Gauss—Jordan elimination, we obtain
123 1 00 123 1 0 0
~l002 | -310|~|010] 0 -1 13
020 ]| -201 001 -3 L1 o0
and finally
1oo | ¥ -3 -1
~lo1 0| -1 0 &
001 ] -3 1 0

Thus the matrix
1 2 3
A=13 6 8
2 6 6
is invertible, and its inverse is the 3 x 3 matrix on the right-hand side.

Example 2.60 (General 2 x 2 inverse). Consider the augmented matrix

a b1 0
c d|0 1)°
Assume first that a # 0. Then

1 2|1 ¢ 1 b
N(c d|0 1>N<0 d—<

a
If ad — be # 0, we can rescale the second row to obtain

b 1 d b
~ < 1 a a 0 > ~ ( L0 ad—bc " ad—bc >
c a c a :
0 1 " ad—bc  ad—bc 0 1 " ad—bc ad—bc

a b\ ' 1 d —b
c d ad—bc\—c a )’

Even if a = 0, as long as ad — bc # 0 we can permute the rows to ensure that the first pivot is
non-zero and obtain the same formula. Indeed, ad — bc # 0 implies that at least one of a or c is

non-zero.
a b
A= (e )

is invertible if and only if ad — bc # 0. In that case the inverse is given by

1 d —b
A7l = .
ad — be <—c a >

25
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Final comments: determinants
There exists a determinant function
det : Mysn(F) — F

which we will study in detail next term. For 2 x 2 matrices it is given by

a b
det <c d>—ad—bc.

A fundamental fact is that

det A#0 <= A isinvertible.

e One can express the inverse of an invertible matrix A in terms of determinants:

- 1 .
A7 = det A adj(4),

where the adjugate adj(A) is the matrix whose (i, j)—entry is
adj(A);; = (—1)"" det(the matrix obtained from A by deleting row j and column 4).

For example, in the 2 x 2 case this gives

a b\ ' 1 d b
c d ad—bc\-c a)’
in agreement with our earlier calculation.

e In practice, this determinant-based formula is slower than using Gauss—Jordan elimination,
because it requires computing many determinants.

e One can solve Az = b using * = A~'b when A is invertible, for example

() ()=(0) e
AN d —=b\ (e 1 de —bf
<y>_ad—bc <—c a><f>_ad—bc<—ce+af>‘

e However, in general it is faster to solve Az = b directly by applying Gaussian (or Gauss—
Jordan) elimination to the augmented matrix (A | b), rather than first computing A~! and
then multiplying by b. Moreover, the augmented-matrix method works even when A is not
invertible (that is, when det A = 0).

gives

We will not develop the theory of determinants in detail this term; that will be a major topic
next term. You are welcome to use determinants if you are familiar with them, but they are not
required for this term and will not be necessary for the January test.
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3 Abstract vector spaces: linear independence, spanning, bases,
and dimension; and subspaces associated to matrices

Let V be a vector space over a field F.

Linear combinations, independence, span, basis

Definition 3.1. For n > 1, given vectors vy,...,v, € V and scalars A1,..., A\, € F, an expression
of the form
Avr+ -+ Ao

is called a linear combination of vy,...,v,.

Remark 3.2. Caution: Note that n is a natural number and in particular all linear combina-
tions are finite. In analysis you can make sense of infinite sums, but these are not called linear
combinations, rather limits of linear combinations.

Definition 3.3. An n-tuple (v1,...,v,) € V", for n € N, is said to be linearly dependent if there
exist scalars Aq,..., A, € F, not all zero, such that

Avp+ -+ Ao, = 0.

If no such non-trivial relation exists, we say that (v1,...,v,) (or the set {vi,...,v,}) is linearly
independent. In particular, the empty tuple () is also linearly independent.

Definition 3.4. Given vectors v1,...,v, € V, for n > 1, the span of these vectors is the subset
Span(vi,...,vn) = {Av1+ -+ AU 1 A1, A\ €EFFCVL
By convention, the span of the empty tuple is the set containing zero: Span(()) := {0}.
Definition 3.5. Let vy,...,v, € V.
e The n-tuple (vy,...,v,) is said to be spanning if

Span(vy,...,v,) = V.

e The n-tuple (vy,...,vy), for n € N, is called a basis of V if it is both linearly independent
and spanning.

Main goal: Prove that any two bases of V' have the same size. We will call this common size the
dimension of V', denoted dim V.

Remark 3.6. In this course we will only deal with finite tuples. On the other hand, when dealing
with sets instead of tuples, as we will do shortly, we will occasionally allow ourselves to work with
linear independence or spanning properties of infinite sets. This is mostly for convenience, so as to
not have to develop notation for infinite tuples.
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Basic examples

The empty tuple () is linearly independent and spans the zero vector space {0} (by definition).

The single-element tuple (0) is linearly dependent and spans {0}.

The tuple (v,v) is linearly dependent for any v € V. More generally, if (v1,...,v,) contains
a repeated vector v; = v; for some 7 # j, then it is linearly dependent.

e In '™, the standard coordinate vectors eq, ..., e, form a basis. Indeed,

A1
Arer + -+ Apey = ,
An

so every vector has a unique expansion in this basis.

We could prove the main goal (that all bases have the same size) rather quickly, but instead we
first look at several examples and basic results to become comfortable with these notions.

Exercises on independence, spanning, and subspaces

In the following examples, all vector spaces are over the indicated field.

e Decide which pairs or triples are linearly independent:
1 V. o
— <1>, <0> in F~.
2 4\ .
<3>, <5> in F~.

2?2 +z+1, 3z +4, 5 in R[z] over R.

1, i in C regarded as a vector space over R.

(1) () (o) me
700

— (8), <8>, 10120 ) in F3.
2024

— 1, ¢ in C regarded as a vector space over C.

e Decide which of these subsets are spanning for the relevant vector spaces.

e Decide which of the following subsets of F? are subspaces:

{(6) ey
{(6) ey

F\ {13} C F.

) er)o (2 eer}
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Intersections and sums of subspaces
Proposition 3.7 (cf. Thm 3.2.6). Let U, W C V be subspaces. Then:
e UNW is a subspace of V.
o U+W :={u+w:ueclU, we W} is a subspace of V.
e In general, U U W is not a subspace.
Proof. For UNW:
e Ifvy,v9 € UNW, then v1 +v9 € U and v1 +wv9 € W, hence v1 +vo € UNW.
e IfveUNWand A € F,then \ov e U and A\v e W, so Ao e UNW.
e Since0cU and 0 € W, we have 0 e UNW.
For U +W:

o If uy,us € U and wy,ws € W, then
(w1 +wr) + (u2 + w2) = (ug +u2) + (w1 +w2) € U+ W.
e For \e Fandu e U, w e W, we have

AMu+w) =+ weU+W.
Thus both UNW and U + W are subspaces of V. O

Generalisation. Let (U;);er be a family of subspaces of V.

e The intersection
v
el
is a subspace of V.

e The sum
ZUi = {uil—i—---—l—uin:nZl, i1y eyin €1, wj; GUi].}
el

is also a subspace of V.

If some indices appear more than once, we may combine equal indices using closure of each U;
under addition, so it suffices to consider sums with distinct indices.

Proof. The proofs are the same as in the case of two subspaces: intersections are closed under sums
and scalar multiples coordinatewise, and sums stay closed by grouping all U;-parts together. O
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Span of sets

Given any subset X C V', we define its span by
Span(X) :={\ix1+--+ Az :n>1, \; € F, z; € X} U{0}.

Remark 3.8. We may always assume the vectors z1,...,z, are distinct: if some x; is repeated,
we combine the corresponding coefficients.

Observation 3.9. For finitely many vectors uq,...,u, we can write
Span(ui, ..., u,) = Span({u1, ..., uy}).
Proposition 3.10. For any subset X C V| the set Span(X) is a subspace of V.

Proof. Let v = Mx1 + -+ + Ay, and w = p1y1 + -+ + pinyn be elements of Span(X), with
zi,y; € X and A\j, u; € F. Then

v+w =Mz 4+ AnTm + Y1 + -+ pnYn € Span(X),

and for a € F,
av = a\r1 + -+ + ATy, € Span(X).

Thus Span(X) is closed under addition and scalar multiplication, and contains 0, so it is a subspace.
O

Proposition 3.11. If W C V is a subspace and X C V is a subset, then X C W implies
Span(X) C W.

Proof. If x1,...,z, € X, then x1,...,z, € W, and \;x; € W for all ¢ as W is a subspace. Then
by applying closure under addition and induction on n, we have

Ax1+ o+ A, € W ]
The two previous propositions have the following useful consequence:
Corollary 3.12. If X C Span(Y'), then Span(X) C Span(Y).
Proof. This is Proposition using that W := Span(Y’) is a subspace, by Proposition ]

Remark 3.13. The two propositions imply the following characterisation of span: Span(X) C V
is the intersection of all subspaces of V' containing the subset X C V.

Next we consider unions of sets and relate them to sums of their spans:

Observation 3.14. Even if U; and Us are subspaces of V, their union U; U Uy need not be a
subspace.

Exercise 3.15. Show that U; UUs is a subspace of V only in the trivial cases Uy C Us or Uy C Us.
For subspaces Uy, Uy we have
Span(U1 U Ug) = {u1 +ug :up € Uy, ug € UQ} =U; 4+ Us.

More generally,

Span (U Ui> => U

icl icl
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Row space and column space

Let A € My,xn(F) be a matrix,
a1l v+ Alp

Ami - Gmn
e The row space of A is
rowspace(A) := Span(rows of A) C M., (F) = F".
e The column space of A is
colspace(A) := Span(columns of A) C M,,x1(F) = F™.
Example 3.16. o If A=0, then
rowspace(A) = {0}, colspace(A) = {0}.

o If A=1,, then
rowspace(A4) = F™, colspace(A) = F".

o If

1
A= 1|4
7

co Ot N

3
6/,
9
then one can check (for example by row and column operations) that

rowspace(A4) = {(a + b, 2a+ b, 3a+b) : a,b € F},

a+b
colspace(A) = 3a+b|:abeF
6a + b

Exercise 3.17. Verify the descriptions of the row space and column space in the previous example.

Extending and shrinking linearly independent and spanning sets

Definition 3.18. A subset X C V is said to be linearly dependent if there exist distinct elements
z1i,...,Tn € X and scalars A1,...,\, € F, not all zero, such that

Ay 4+ Ay =0.
Otherwise X is linearly independent.

Remark 3.19. It is equivalent to require in the definition that n > 1 and all A; # 0, since we may
simply omit any x; whose coefficient is 0.

Proposition 3.20. An n-tuple (vi,...,v,) is linearly independent if and only if the vectors
v1,..., 0, are distinct and the set {v1,...,v,} is linearly independent.
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Proof. 1f v; = v; for some ¢ # j, then
0v1 4 -+ + 00; + v; 4+ 0vig1 + -+ 0vj_1 — v +vjs1 + -+ v, =0,

with a non-trivial choice of coefficients, so the tuple is linearly dependent.
Conversely, if vy, ..., v, are distinct and the tuple (vy,...,v,) is linearly dependent, then there
exist scalars A, ..., Ay, not all zero, such that

Avr + -+ Apun = 0.
This shows that the set {v1,...,v,} is linearly dependent. Conversely, if
)‘11)11 + -+ )\mvim =0

is a non-trivial dependence among distinct elements of the set, we can extend this by inserting zeros
in the missing positions to obtain a linear dependence of the entire tuple. Thus the two notions
coincide. n

Observations. If X C Y C V and X is linearly dependent, then Y is also linearly dependent.
Equivalently, if Y is linearly independent, then every subset X C Y is linearly independent.
Similarly, if X C Y and X is spanning, then Y is also spanning.

e As a consequence:

— Every subset of a basis is linearly independent (but need not span).

— Every superset of a basis is spanning (but need not be linearly independent).

Our main goal generalises to the following statement:
If X CV is linearly independent and Y C V is spanning, then
[ X| < [Y].

In words: linearly independent sets cannot be “too large” and spanning sets cannot be “too
small”.

First lemmas: extending and shrinking

Lemma 3.21. (i) Let X C V be linearly independent and let v € V' \ Span(X). Then X U {v}
is also linearly independent.

(ii) Let X C V be spanning and let z € X be such that
x € Span(X \ {z}).
Then X \ {x} is still spanning.

Proof. (i) Suppose
Mz + o+ Az, + v =0,

with z; € X. If A =0, then linear independence of X implies Ay = --- = X, = 0. If A # 0, then

v=—-A"YA\z1+ -+ \y,) € Span(X),

32



which contradicts the assumption v ¢ Span(X). Hence all coefficients are zero, and X U {v} is
linearly independent.
(ii) Suppose X is spanning and z € X satisfies

T =MT1+ -+ A\xn
for some z1,...,z, € X \ {z}. Any linear combination

wyr + -+ mYm + px, yzEX\{ﬂﬁ}’

can be rewritten using the above relation as a linear combination of elements of X \ {z} only. Hence
Span(X \ {z}) = Span(X) =V, so X \ {z} is still spanning. O

Remark 3.22. The first part can also be interpreted as a linearly independent set which is not
spanning is properly contained in a larger linearly independent set. Contrapositively, the mazimal
linearly independent sets (i.e., ones not contained in larger linearly independent sets) are bases.
We give the same proof of this in Proposition [3.32

Conversely, if © € Span(X), and « ¢ X, then X U {x} is not linearly independent, writing the
linear relation x = 0 + Z?:o Aix; for some n > 0 and some distinct x; € X. As a result, mazimal
linearly independent subsets are the same as bases.

We can easily modify the proof of (ii) to show that any spanning set which is linearly dependent
properly contains another spanning set. The contrapositive says that every minimal spanning set
(one that does not properly contain another spanning set) is a basis. We will give a slightly different
proof of this in Proposition [3.29

Conversely, if a spanning set X properly contains another spanning set X’, then writing an
element of X \ X’ as a linear combination of elements of X’ yields a linear dependence. So minimal
spanning sets are the same as bases.

This is valid even for infinite-dimensional vector spaces V. For finite-dimensional vector spaces
we will prove later that there is some dim V' € N such that linearly independent sets have size at
most dim V', with equality if and only if it is a basis, and similarly spanning sets have size at least
dim V', with equality if and only if it is a basis. This gives another proof of the preceding paragraph,
which proves more (but also requires more, and has restricted generality).

Steinitz Exchange Lemma

Lemma 3.23 (Steinitz Exchange Lemma, Thm 3.6.1). Let X C V and let v € Span(X) with
v # 0. Suppose
v=MZT1+ o+ A,

for distinct z1,...,z, € X and all A; # 0. Then for any index i,

Span(X) = Span((X \ {z;}) U {v}).
In words, we may exchange the vector x; for v without changing the span.

Proof. Without loss of generality, take ¢ = 1. Rearranging,
x1 = )\1_1(1) — XXy — - — )\nm’n),
so 1 € Span((X \ {z1}) U {v}). Hence

Span((X \ {z1}) U {v}) = Span(X U {v}).
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But v € Span(X), so Span(X U {v}) = Span(X). Thus
Span(X) = Span((X \ {z1}) U {v}).

Independent vs. spanning: the finite case

Theorem 3.24. Let X C V be linearly independent and Y C V' be spanning, and suppose |Y| < co.
Then
(X[ <[Y].

Proof. First reduce to the case |X| < oo. If | X| = 0o and |Y| = m, then by definition of infinite
cardinality we can choose a finite subset X’ C X with |X'| = m + 1. If we prove the theorem for
finite linearly independent sets, we obtain a contradiction for X’ and Y, so it suffices to consider
the case where | X]| is finite.

We will prove in Theorem below that there exists a spanning set Y/ C X UY such that
X CY'and |Y'| =|Y/|. Then Y| =|Y’| > |X]|, which gives the desired inequality. O

Now assume X and Y are both finite, with
X ={z1,...,zm} linearly independent, Y ={y1,...,yu} spanning.
Theorem 3.25. There exists a subset Y/ C X UY such that
Y'DX, |Y'|=]|Y|, Yisspanning.
Note 3.26. As already observed, Y/ O X implies |X| < |[Y'| = |Y], so Theorem implies
Theorem [3.24

Proof of Theorem[3.25. We argue by induction on | X \ Y.

If I X\Y| =0, then X CY. Since Y is spanning, we can simply take Y’ =Y, which clearly
satisfies the required properties.

Now suppose | X \ Y| =k > 0. Choose z € X \ Y. Since Y is spanning, we can write

r=Ay1+ -+ An

for some y,...,y, € Y and scalars A\; € F, not all zero. By discarding zero coefficients if necessary,
we may assume all A\; # 0.

We claim that at least one of the y; does not lie in X. If all g; belonged to X, then we would
have a non-trivial linear relation

—x+Ayr+ -+ Ayn =0

among distinct elements of X (note that x ¢ Y so x # y; for all i), with all coefficients non-zero.

This contradicts linear independence of X. Hence some y; ¢ X.
Define

V=Y \{y:}) U{z}.
By the Steinitz Exchange Lemma, Span(Y’) = Span(Y'), so Y’ is also spanning. Moreover,
X\Y'=(X\Y)\{z},

so [ X\Y'|=|X\Y|—-1=k—1. Wealso have XUY' C X UY and |Y'| = |Y].

By the induction hypothesis applied to X and Y”, there exists a spanning set Y C X UY” such
that X CY” and |Y"| = |Y'| = |Y]. Since X UY’' C X UY, this Y also lies in X UY, and the
proof is complete. O
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Finite-dimensional vector spaces and bases
Definition 3.27. A vector space V is called finite-dimensional if it has a finite spanning set X C V.
Corollary 3.28. Any two bases of a finite-dimensional vector space V' have the same cardinality.

Proof. Let By and Bs be bases of V, and let X C V be a finite spanning set. By Theorem
By <IX], |Bsl < IX] < .

Applying the same theorem with X = B; and Y = By gives |B1| < |Bg|, and with X = By, Y = By
gives |Ba| < |Bi|. Hence |B1| = |Ba|. O

Proposition 3.29. Suppose X C V is a minimal spanning set, meaning that for every proper
subset X’ C X, the set X’ is not spanning. Then X is a basis of V.

Proof. We already know X is spanning. Suppose, for contradiction, that X is linearly dependent.
Then there exists a non-trivial relation

Az + o+ Az, =0,

with all \; # 0, among distinct elements x1, ..., z, € X. By the Steinitz Exchange Lemma, we can
replace one of the z; by 0 and still obtain a spanning set; in particular,

(X \ {zi}) U {0}

spans V', and hence X \ {x;} is spanning. This contradicts the minimality of X. Therefore X must
be linearly independent, and hence is a basis. ]

Corollary 3.30. If Y C V is a finite spanning set, then there exists a subset X C Y which is a
basis of V.

Proof. Let Y be spanning with |Y| =n < oco. If Y is linearly independent, we are done. Otherwise,
Y is linearly dependent, so there exists v € Y such that Y \ {v} is still spanning (by the previous
lemma (ii)). If this new set is still linearly dependent, we repeat the process and remove another
redundant vector. Since Y is finite, this procedure terminates, and we obtain a minimal spanning
subset X C Y, which must be a basis by the previous proposition.

This procedure is constructive: it gives an algorithm to extract a basis from a finite spanning
set. 0

Definition 3.31. If V is finite-dimensional, the dimension of V', denoted dim V, is defined to be
| X| for any basis X of V. This is well-defined by the corollary above.

Proposition 3.32. If X C V is a mazimal linearly independent set (meaning that X is linearly
independent and no proper superset of X is linearly independent), then X is a basis of V.

Proof. 1f v ¢ Span(X), then by Lemma (i), the set X U {v} is linearly independent, contra-
dicting maximality. Hence every vector in V' lies in Span(X), so X is spanning and therefore a
basis. O

Corollary 3.33. Let V be finite-dimensional, and let X C V be linearly independent and Y C V
be spanning. Then there exists a basis B of V' such that

XCBCXUY.
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Proof. Let n = dimV < oo and |X| = m < n. If X is already a basis, set B = X. Otherwise,
Span(X) C V = Span(Y'), so Span(Y) ¢ Span(X). Applying the contrapositive of Corollary
we deduce that Y ¢ Span(X). Hence there exists y; € Y with y; ¢ Span(X), and X; := X U {y1}
is linearly independent.

If X is not a basis, we repeat: Span(X;) C V, so there exists ya € Y with ys ¢ Span(X;), and
we set X9 := X7 U{y2}. Continuing in this way, we obtain a strictly increasing chain of linearly
independent sets

X=XoC X1 & X &

with | X;| =m+k and X C X UY. Since V is finite-dimensional, we cannot continue indefinitely:
once | Xx| = n, the set X must be a basis. Let B be the first such X}, that spans V; then B is a
basis containing X and contained in X UY. O

Corollary 3.34. Let V be finite-dimensional with n := dim V. The following are equivalent for a
subset X C V:

1. X is a basis of V.
2. X is linearly independent and |X| = n.
3. X is spanning and | X| = n.
In particular, if | X| = n, then
X is linearly independent <= X is spanning <= X is a basis.

Proof. Clearly (1) implies both (2) and (3).

(2)=(1): Let X be linearly independent with |X| = n. If X were not a basis, then we could
add a vector v ¢ Span(X) and obtain a linearly independent set of size n + 1, contradicting the
fact that dimV = n.

(3)=-(1): Let X be spanning with | X| = n. If X were not linearly independent, then there would
exist a proper subset X’ C X which is still spanning, with | X’| < n, contradicting dimV =n. O

Examples 3.35. e dim F™ = n, with basis e1,...,e,.

e dim M,, ,(F) = mn. A natural basis is given by the matrices E3) with a single 1 in position
(,7) and zeros elsewhere:

1, ifk=4i, =3

0, otherwise.

(B@))yy = {

Dimension of subspaces

Proposition 3.36. If V is finite-dimensional and U C V is a subspace, then U is also finite-
dimensional and

dimU < dimV.
Moreover, dimU = dim V if and only if U = V.
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Proof. Any basis of U is a linearly independent subset of V', so its cardinality cannot exceed dim V,
giving dimU < dim V.

We must also show that such a basis exists. Start with the empty set, which is linearly inde-
pendent in U, and repeatedly adjoin vectors of U that are not yet in the span. Since no linearly
independent subset of V' can have more than dim V elements, this process terminates in at most
dim V' steps and yields a finite basis of U.

If dimU = dimV, then a basis of U is a linearly independent subset of V of size dimV,
hence it is a basis of V' by the previous corollary, so U = V. Conversely, if U = V then clearly
dimU = dim V. O

Examples

e For V = F! = F, the only subspaces are {0} and F.
e For V = F?2, the subspaces are:

— {0} (dimension 0);
— lines through the origin of the form {(Aa, Ab) : A € F'} with (a,b) # (0,0) (dimension 1);

— the whole space F? (dimension 2).

e For V = F3, the subspaces are:
- {0}
lines through the origin: {(Aa, Ab, Ac) : A € F'}, (a,b,c) # (0,0,0);
— planes through the origin: {(z,y, 2) : ax + by + ¢z = 0} with (a,b,c) # (0,0,0);
the whole space F3.

General observations

e (O-dimensional subspaces are exactly {0}.

e 1l-dimensional subspaces of V' are of the form

F-v={M: e F}, veV\{0}

e 2-dimensional subspaces are of the form Span(vi,ve) with vi,ve # 0 and ve & F - vy.

Uniqueness of expansions in a basis

Proposition 3.37. Let V be a vector space and X,Y, B C V.

i subse is linearly independent if and only if every vector v € as at most one repre-
1) A subset X is li ly ind dent if and only if t V h t t
sentation

v=MT1+ o+ AT,

as a linear combination of distinct elements 1, ...,z € X with A; # 0.

(ii) A subset Y is spanning if and only if every v € V' has at least one such representation with
r; €Y.
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(iii) A subset B is a basis if and only if every v € V has ezactly one expression as a linear
combination of distinct elements of B with nonzero coefficients.

Proof. (i) If X is linearly independent and v had two expressions
v=MT1+ A+ AT = N2+ + Nl

with z1,..., 2, € X distinct and 2, ..., 2, € X distinct, and \;, \; nonzero, then let us reorder
the variables such that 21 = 27,..., 2 = 2}, and 21,...,Tm, 2}, 4, ..., 2, are all distinct.
Then subtracting the two expressions gives:

(A=A 4 4+ (M = A2k + M1 Zigr + -+ Anm — My Ty — - — Ay, = 0.

Linear independence forces \; = A, for all 1 < <k, \; =0 for ¢ > k, and A\, = 0 for ¢ > k. This
implies by assumption that m = n = k and the two expressions were the same. Thus there can be
only one expression.

Conversely, if X admits a non-trivial dependence, then 0 has at least two distinct representations
(the zero combination and a non-trivial one), contradicting uniqueness.

(ii) This is simply the definition of Span(Y).

(iii) A basis is by definition linearly independent and spanning, so combining (i) and (ii) gives
both existence and uniqueness of expressions (for existence, we hadn’t explicitly assumed that the z;
were unique and the coefficients nonzero, but one can simply combine terms and discard terms with
coefficient equal to zero, so that this is true). Conversely, if every vector has a unique expression in
terms of B, then both existence and uniqueness hold, so B is simultaneously spanning and linearly
independent, hence a basis. O

Remark 3.38. It is common to define a basis as a subset B C V such that each v € V has a
unique expression as a finite linear combination of elements of B.

The dimension formula for sums of subspaces

Theorem 3.39 (Thm 3.7.9). Let U, W C V be subspaces, and set
U+W ={ut+w:uel, we W}

Then
dim(U + W) =dimU + dim W — dim(U N W).

Proof. Since V is finite-dimensional, so are U, W, and U N W. Let
(V15 .y Um)

be a basis of U N W. Extend this basis to a basis of U by adding vectors uq, ..., up:

(V1 ey Uy Uly - ey Uy,
and to a basis of W by adding vectors wi, ..., wy:
(V1, .oy Uy W« W)
We will show that the list
(V1 ey Uy Uty e ey Uy W, - -, W)
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is a basis of U + W this yields the formula for the dimension for the following reason: in this case
dim(U + W) =m +n + p.

But
dmU =m+n, dmW =m+p, dim({UNW)=m,

SO

dim(U+W)=m+n+p)=m+n)+(m+p) —m=dmU +dimW —dim(UNW). O
Proposition 3.40. The list

(V1 ey Uy Uty e vy Uy W, - - o, W)
constructed above is a basis of U + W.
Proof. Linear independence. Suppose
AU+ AU+ g s gty + viwn + - 4 vpwp, = 0.
Rewrite the equation as:
Avt s AU paug A ity =~ W — VW — -t — Vplp.

Call the vector on both sides of this equation v. The left-hand side belongs to U, since v;, u; € U,
and right-hand side belongs to W, since w; € W. Hence v € U N W. Therefore it is a linear
combination of v1,..., vy, say v = Njv1 + -+ + A\pv),. We therefore get two expressions for v in
the basis (v1,...,Vm,u1,...,uy,) of U:

v=Nuvi 4+ F N v+ 0up 4+ Oupy = ANvg A+ AUy + UL+ LU

By Proposition (i), we must have X, = \; for all 4, and p; = 0 for all .
Next, we have two expressions for v in the basis (v1,...,vm, wi,...,wy) of W:

v=Mv1+ -+ ApUm + 0wy 4 -+ + 0wy, = 0vy + -+ 4+ 0vpy, + v1w1 + -+ - + Vpwp.

Therefore we get, by Proposition m(i), that \; = 0 for all ¢ and v; = 0 for all 4. This shows the

linear independence of (vi,...,Up, U1, ..., U, W1, ..., Wp).

Spanning. Any vector u € U can be written as a linear combination of (vq, ..., Um, U1, ..., Up),
and any w € W as a linear combination of (v1,...,vm, w1,...,wp). Thus any vector in U + W is
a sum of such combinations and hence lies in the span of (vi,...,vm, U1, ..., Up, w1,...,wp). This
shows that the list spans U + W. O

Remark 3.41. The argument used in spanning (which is the easy part) generalises to the following:
For subsets X, Y C V,
Span(X) + Span(Y) = Span(X UY).

To prove this, note that the inclusion C holds because any sum of a vector in Span(X) and a vector
in Span(Y’) is a linear combination of elements of X UY'.

For the reverse inclusion, note that every element of Span(X UY') can be written as a linear
combination of elements of X and of Y. By regrouping terms, this is a sum of an element of
Span(X) and an element of Span(Y'). Thus we get the inclusion D.
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Example 3.42. f dimU =dimW =1,say U = F - uw and W = F - w, then:
e fU=W,thenU=W=UnNW=U+W anddim(U+W)=1=1+1-1.

o If U #W,then UNW = {0} and U + W is a 2-dimensional subspace, so dim(U + W) = 2 =
1+1-0.

Example 3.43. Let V = F", and consider the subspaces

U={(z1,...,2m,0,...,0)}, W={0,...,0,y1,...,9)},

where the z; occupy the first m coordinates and the y; the last p coordinates.
If m+p<mn, then UNW = {0} and

U+ W = Fmte,

so dim(UNW) =0 and dim(U + W) =m +p=dimU + dim W — 0.
If m+p > n, then
UNW = pmte—n

sodim(UNW)=m+p—mn, whilst U+ W =V Z F" sodim(U+W)=n=m+p— (m+p—n),
in accordance with the formula.

Row space, column space, and rank

Proposition 3.44. Let A € M,,x,(F). Elementary row operations do not change the row space
of A.

Proof. If A’ is obtained from A by a sequence of row operations, then each row of A’ is a linear
combination of rows of A, so
rowspace(A’) C rowspace(A4).

Conversely, since row operations are invertible, each row of A is a linear combination of rows of A’.
Hence
/
rowspace(A) C rowspace(A’),

and the two row spaces coincide. O

Corollary 3.45. The dimension of the row space of A is equal to the number of non-zero rows
(equivalently, the number of pivot columns) in a row echelon form of A.

Proof. In row echelon form, the non-zero rows have their first non-zero entries in distinct columns.
Any linear relation among the non-zero rows

Avp 4o+ Agvp =0

must have all A; = 0, which can be seen by inspecting the pivot positions from top to bottom. Thus
the non-zero rows form a linearly independent spanning set for the row space, and their number is
the dimension of the row space. This number is the same as the number of pivots. ]

Proposition 3.46. Let A € M, «,(F) with columns vy, ..., v,. The solutions to
Avr+ o+ A, =0

are unaffected by row operations on A.
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Proof. The equation can be written in matrix form as

A1

If A’ is obtained from A by an elementary row operation, then for A € F™ as above,
AN=0 < AN=0.
So the set of solutions is the same for A and A’. O

Corollary 3.47. Elementary row operations do not change which subsets of columns of A are
linearly independent.

Corollary 3.48. If the pivot columns of a row echelon form of A are columns i1, ..., then
{vi17 e 7Uik}
is a basis of the column space of A.

Proof. In reduced row echelon form, the pivot columns are standard basis vectors, which form a
maximal linearly independent set; their pre-images in the original matrix are therefore linearly
independent and span the same space, so they form a basis of the column space. ]

Corollary 3.49. For any matrix A,
dim rowspace(A) = dim colspace(A).
This common dimension is equal to the number of pivots in a row echelon form of A.

Definition 3.50. The common dimension of the row space and the column space of A is called
the rank of A and is denoted rk(A).

Remark 3.51. One can also prove dimrowspace(A) = dim colspace(A4) without using row opera-
tions, via factorizations A = BC with B € M, «x;(F') and C € My, (F).
Example 3.52. Consider
1 2 3 1 2 3 1 2 3
A=14 5 6] —13 3 3] —>(0 3 6
7 8 9 6 6 6 0 0 0

If 3# 0 in F, we can further reduce to

The non-zero rows span the row space, so

rowspace(A4) = Spam((l7 2,3),(0,3, 6))
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The pivot columns are the first and second, so

1 2
colspace(A) =Span | [4],[5
7 8

These are bases provided 3 £ 0 in F'. In this case,
rk(A) = 2;
if 3=101in F, then rk(A4) = 1.

Thus the rank of A can be computed as the number of pivots. This is also the dimension of
Span(vy, ..., vy) if we treat the v; either as row vectors or as column vectors.

The rank-nullity theorem for matrices

Definition 3.53. The nullspace, or kernel, of a matrix A is the set of vectors v such that Av = 0.
In other words, this is the set of solutions of the homogeneous equations with coefficients in A.
Theorem 3.54. We have the equality for A € M,, ,(F):
rk(A) + dim nullspace(A) = n.

Proof. We saw that the nullspace has number of parameters equal to the number of free variables.
In fact, this shows that a basis for the nullspace is of this size: if R = rref A, and the free variables
are x;,, ..., &;, , then the solution set is spanned by the unique solutions vy, ..., v to Av = 0 such
that the 7;-th entry of v; is 1 and the i,-th entry is 0 for all £ # j. Clearly, the vy, ..., vy are linearly
independent, since Ajv1 + - - - + Apvg has, in the free entries, Aq,..., A, so if this is zero, all the \;
are zero. Thus, it is a basis, as desired.

Then, the formula follows from the one: #pivot variables + # free variables = n. O

Right and left invertibility of matrices, and rank

Proposition 3.55. The following are equivalent for a square matrix A € M, ,(F):

1. A has a right inverse
2. A has a left inverse
3. tk(4A) =n
4. A is invertible
Proof. We prove that (a) is equivalent to (c). Suppose that B = (b;;). Write the columns of A as

v1,...,V, and the columns of AB as wi,...,w,. Then we have:
wj; = Z bijvi.
i
So solving AB = [ is the same as finding, in the column space of A, all the vectors ey, ..., e,. This

is possible if and only if colspace(A) = n. By definition of rank, we conclude the statement.
By transposing, we get that (b) < (c) as well. So (a), (b), and (c) are all equivalent. Since also
(a) and (b) together are equivalent to (d), we conclude the statement. O

Remark 3.56. In Corollary we already showed that (a) is equivalent to rref(A) = I, which
by our definition of rank, is equivalent to (c). So we can alternatively deduce the proof from that
statement.
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Gaussian elimination and bases of subspaces

Let V = Span(vy,...,vy,) C F™.
There are two convenient ways to use Gaussian or Gauss—Jordan elimination to find a basis of
V:

1. View F™ as row vectors, and form the matrix

U1
A:

Um

Perform Gaussian or Gauss—Jordan elimination to obtain a row echelon (or reduced row
echelon) matrix R. Then

V = rowspace(A) = rowspace(R),
and a basis of V' is given by the non-zero rows of R.

2. View F"™ as column vectors, and form the matrix

A= (vl vm).
Perform Gaussian or Gauss—Jordan elimination to obtain a row echelon matrix R. If the
pivot columns of R are i1, ...,1, then
(Uip e 7Uik)
is a basis of the column space of A, that is, of V' = Span(vy,...,vy). In this way we obtain

a basis as a subset of the original generating set.

Bonus: determinants
Note: this topic will not be assumed knowledge for the January exam.
Proposition 3.57. There exists a function
det : Myyn(F) — F
such that:
e If A’ is obtained from A by swapping two rows, then det A’ = — det A.
e If A’ is obtained from A by multiplying one row by a scalar A € F', then det A’ = \det A.
e If A’ is obtained from A by adding a multiple of one row to another, then det A’ = det A.
o detl, =1.
Corollary 3.58. Let A be reduced to R = rref(A) via Gauss—Jordan elimination. Then
et A — {0, if R # I,
(=D)*A -\, if R=1,,

where k is the number of row swaps performed and A1, ..., \,, are the scalars used in row rescalings.
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Corollary 3.59. A square matrix A is invertible if and only if det A # 0.

Exercise 3.60. Show that
a b
det <c d> = ad — be,
a b c

det |d e f :adet<e f>bdet(d f>+cdet<d e).
g b i h i g 1 g h

and

Fact. For any A € M,y (F),
det A = ayy det AM —ajodet A2 + .. + (—1)1+”a1n det A,

where AY denotes the (n — 1) x (n — 1) matrix obtained from A by deleting row i and column j
(the cofactor expansion along the first row).

4 Linear Transformations

This is really what linear algebra is about: linear maps between vector spaces.

Definition 4.1. Let T : V — W be a map between vector spaces over a field F'. We say that T is
linear if, for all u,v € V and A € F,

T(u+v) = T(u) + T(v),
T(\v) = AT (v).

e A linear map 7' : V — W is a (linear) isomorphism if it is bijective.

e If T is an isomorphism, then its inverse T~! : W — V is also linear (see PS4, B4).

Connections to matrices
Proposition 4.2. Let T': F* — F™ be a map. Then
T is linear <= A € My, xn(F) such that T'(v) = Av

for all v € F", where we regard F™ = M,, 1 (F) and F = M,, 1(F') as column vectors. Moreover,
the matrix A is unique.

Proof. Assume T is linear. Let eq, ..., e, be the standard basis of ™. For
A1
v=1 " | = e+ + Apey,
An
we have

T(U) = T()\1€1 + .o+ Anen) = >\1T(€1) 4+ 4 )\nT(en)
Define A to be the matrix whose i-th column is T'(e;):
A= (T(e1) -+~ T(en)).

Then for every v € F™ we have T'(v) = Av.

Conversely, if T'(v) = Awv for some fixed matrix A, then T is linear because matrix multiplication
is linear in v. Uniqueness of A follows from the fact that a linear map is determined by its values
on a basis: the columns T'(e;) are uniquely determined, hence so is A. O
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Matrices with respect to general bases
Let V and W be finite-dimensional vector spaces over F. Fix a basis
B=(vi,...,u,) ofV, C=(wy,...,wy) of W.
For any v € V there is a unique expression
v =ANv1+ -+ Ayup,

and we write its coordinate column vector in the basis B as

A1
[vlg == | :
An
Similarly, for w € W we define
H1
[wlc = it w=pw 4+ ppwn.
[m

Proposition 4.3. Let T': V — W be linear, and let B,C be bases as above. Then there exists a
unique matrix
CTB € men(F)

such that, for every v € V|
[T()le = cTs[v]s-
Equivalently, if T'(v;) = >_7%; Ajiw;, then

I = (Aﬁ)lstm, 1<i<n
is the matrix whose i-th column is [T'(v;)]c.

Definition 4.4. The matrix ¢[7T]3 is called the matriz of T' with respect to the bases B (in V') and
C (in W).

Proof of Proposition[{.3. For v € V we have a unique expression v = A\jv1 + - - + \,v, and thus a
unique coordinate vector [v]p. Likewise, T'(v) has a unique expression

T(v) = prwy + -+ + W,

and hence a unique coordinate vector [T'(v)]c.
Define the map
O:F" — F™, ®([v]g) == [T(v)]c.

By linearity of T', the map ® is linear:

A N
Ws=|: ], Pls=1]:],
An N
A1+ A
v+ = : ,
An + A,

[T(v+)]e = [T()]e + [T()]e,



and similarly for scalar multiples. By Proposition there is a unique matrix A = ¢[T]|g such

that
[T(v)le =c[T)s[v]s

for all v, or in other words, such that ® = T4.

Finally, to compute the matrix A, note that, if the columns of A are Ay,...,A,, then A; =

Aei = (I)(BZ) = [Tvi]c.

Conceptual picture via coordinate isomorphisms

A basis B = (v1,...,v,) of V gives an isomorphism

[~]B:VL>FTL, 7):)\11)1+"'+)\n’l)n0—>[1)][5: :
An
Similarly, a basis C of W gives []c : W = F™.
For a linear map T': V' — W we then have a commuting square, for A = ¢[T]3:
v Low
s e
Ta
= pm,
Examples in R?
Let V = W = R? with the standard basis e; = (1,0), ea = (0, 1).

e Rotation by angle 6:
Ry : R? —» R2.

cosf —sin@
Ro(er) = <sin9> ’ Ro(e2) = < cos ) ’

Hence, with respect to the standard basis £ = (ey, e2),

‘We have

cosf) —sind
e[Role = < o )

sin 0 cos

n (%) = cos) —sinf\ [z
9\y) = \sin® cosd y)"

e Reflection across a line making angle 6 with the z-axis:

a a cos260  sin 260
Refy (b) =4 <b) , A= (sin 20 —cos 20) '

Thus

So g[Refg]g = A.
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Examples in polynomial spaces

Let V = Flx]<y and W = F[z]<;—1 be the spaces of polynomials of degree at most m and at most
m — 1 respectively. Consider
d
T=—:V->W
dx
With respect to the standard monomial bases

B=1,z,...,2™) of V, C= 1,z ..., 2™ of W,

we have p
%(xk) A
Thus the matrix of T in these bases is
010 0 0
- d 00 2 0 0
1 ()| el P
000 - 0 m

Now consider an “integration” map (ignoring constants of integration for the moment)

S:W =V, SEb)=

and then allow constants by writing

With respect to the bases

the matrix

has the form

Ch (1 Cm—1
1 0 0
1
slSle=10 3 01,
: 1
0 O =
for some constants cg, . .., ¢y—1 representing the choice of integration constants.

One checks that
c|TB B[Sle = I,

so (up to the choice of constants) differentiation followed by integration gives back the original
polynomial in W.
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Composition of linear maps

Let

be linear maps, with bases
B=(ui,...,up) for U, C=(vi,...,v,) forV, D= (wr,...,wp) for W.
Proposition 4.5. With the notation above,
p|T o S|g=p[T]c-clY)B-
Proof. For u € U write [ulg = (A1,...,Am) . Then
[S(w)e = c[S]s [u]s,

and
[T(S(w)]p = p[T]e [S(uw)le = p[Tle c[S]s [u]s.
On the other hand, by definition,

[T o S(u)]p = D[T e} S]B [U]B
Since this holds for all [u]g, we deduce

p|T o S|g=p[T)c-clS)B-

Alternative conceptual proof. Using the coordinate isomorphisms, we can write
plToSls=[]po[ToSlo[lz' = ([po[Tlollc?) o ([leo[SIo[]z") = pTleoclS]s.

Change-of-basis formula
Let B, B’ be two bases of V', and C,C’ two bases of W. For the identity map

IviV—>‘/, thW—>W,

we define the change-of-basis matrices

These satisty, by definition:
ls = sl []s,  [wle = cll]er [wler.
Corollary 4.6 (Change-of-basis for matrices of T'). Let T': V' — W be linear. Then

c[Tp =cl)e-clT)s - 85
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Proof. For v € V we have
[T()ler = e'l]e [T(v)le = er[]e c[T]s [v]s.
Also,
[v]s = slI]5 [v]s,
SO
[T()]er = crlle c[TB 85 [v]5-
By definition, [T'(v)]er = ¢/[T]p [v]p’, and since this holds for all [v]g, we obtain the claimed
identity. O

Definition 4.7. The matrix g[I|g is called the change-of-basis matrixz writing the source basis B

/

in terms of the target basis B. If B = (vy,...,v,) and B’ = (v],...,v}) and we write

/
U = 101 + 0 AniUn,

then

whose i-th column is [v}]3.

This is also sometimes (in the literature) called the change-of-basis from B to B’ because it is
usually the most convenient matrix to compute relating a new basis B’ to one B we already had.

Corollary 4.8. For any basis B, the matrix of the identity in that basis is the identity matrix:

slllp=1.
Moreover, if we set
P =g[l]p,
then P is invertible and
pl= s )5

That is, the inverse change-of-basis matrix corresponds to swapping B’ and B.

Proof. If B = (v1,...,vy,), then I(v;) = v; and so [I(v;)| = [vi], which is the i-th standard basis
vector. Hence p[l]p = I.
For B, B’ we have

sllls=slp el  slls =rslllssllls,
so pr[I]|p is invertible and its inverse is g[I]g:. O

Corollary 4.9. Let P be the change-of-basis matrix writing source basis B’ in terms of the target
basis B, i.e. P = g[I]p, and let @ be the change-of-basis matrix writing source basis C’ in terms of
the target basis C, i.e. @ = ¢[I]¢. Then

o[Tp =Q " c[T)s- P.
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Example 4.10. Let F? have the standard basis (e1,e2), and consider another basis
vy = (1,1), wve=(-1,1).

Assume char(F') # 2, so that (vq,v2) is indeed a basis.
The change-of-basis matrix writing the new basis B’ = (v1,v2) in terms of the standard basis

&= (61, 62) is
1 -1
whose columns are [v;]g and [ve]s.
Now let T': F? — F? be given by T(a,b) = (—b, 2a), so with respect to the standard basis
0 -1
We can compute the matrix of 7' with respect to the basis B':

g(Tlp =P ' ¢[T]e P.

Reminder. If A € M,,«,(F) and we consider
Ty:F" — F™, Ta(v) = Av,
then with respect to the standard bases &, of F™ and &, of I, we have
emlTale, = A,

since T'4(e;) = Ae; and the i-th column of the matrix is exactly Ae;.

Rank of a Linear Transformation

Definition 4.11. Let T': V' — W be linear. We define:

e The image (or range) of T"

im(T) =T(V)={Tw):veV} W
e The kernel (or nullspace) of T"
ker(T) :={veV:T(v)=0} CV.
Proposition 4.12. Both im(7") and ker(T") are vector subspaces of W and V respectively.
Proof. For the image: if wy = T'(v1) and we = T'(v3), then
wy + wy = T(Ul) + T(’UQ) = T(’U1 + ’02) S im(T),

and for A € F,
Awy = AT (v1) = T'(Avq) € im(T).

For the kernel: if v, vy € ker(T'), then
T(v14+v2) =T(v1)+T(v2) =040=0,

and if v € ker(7T'), then
T(\)=AT(v)=X-0=0.

Thus both are subspaces. t
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Observe that im(7") = W if and only if T is surjective. We have a similar characterisation of
injectivity of T

Lemma 4.13. T is injective if and only if ker(7") = 0.

Proof. 1f ker(T) # 0, there is a vector v # 0 such that T'(v) = 0, but then 7'(v) = T'(0), so 1" is not
injective. Conversely, if T' is not injective, so T'(v) = T'(w) for some v # w, then T'(v —w) = 0, but
v—w # 0, so ker(T") # 0. O

Definition 4.14. Let T : V — W be a linear map such that im T is finite-dimensional. Then we
define the rank of T to be:
rk(T') := dim(im(7T)).

Example 4.15. e If T =Xy : V — V, and V is finite-dimensional, then rk(7) = dimV
unless A = 0, in which case rk(7") = 0.

o If T is surjective and W is finite-dimensional, then rk(7") = dim W.

e For T = L : Flz]<;, = F[z]<m—_1, the map is surjective, so tk(T') = m.

T(a,b) = <8 é) (Z) — (5,0),

then im(7") is the z-axis, which has dimension 1, so rk(7") = 1.

e If T is given on F? by

Remark 4.16. The example of differentiation shows that

d
%F[:n]%F[m]

is surjective but not injective (constants map to 0). This cannot happen for a linear map 7' : V. — V
when V is finite-dimensional, as we will see via rank-nullity.

Proposition 4.17. (i) Let A € M, ,(F) and let T4 : F™ — F™ be the linear map T4 (v) = Av.
Then:
rk(T4) = rk(A).

(ii) Let T': V. — W be a linear map between finite-dimensional vector spaces V, W with bases
B, C, respectively. Then:
rk(c[T]g) = rk(T).

Proof. (i) The image of T}y is
{Av :v € F"} = colspace(A),

so dimim(7T4) = dim colspace(A) = rk(A).
(ii) Let V, W be finite-dimensional with bases B = (vy,...,vy,) and C = (w1, ..., wy,). Then the
columns of the matrix ¢[T|g are exactly the coordinate vectors

[T(v1)le, - - [T (vn)]e-

Thus the column space of ¢[T]3 is

Span([T(vl)]c, cee [T(vn)]c) = [im(T")]c,
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the coordinate image of im(7") under the isomorphism [-|¢ : W — F™. Since [-|¢ is an isomorphism,
by Lemma, below,

dimim(7T") = dim[im(7")]¢ = dim colspace(c[T]B).
Hence rk(T') = rk(c[T]B). O
Lemma 4.18. If T : V — W is an isomorphism, then dim V = dim W

Proof. Let (v1,...,v,) be a basis of V. Since T is bijective, the vectors
T(v1),...,T(vy)

are linearly independent (injectivity) and span W (surjectivity). Hence they form a basis of W, so
dimW =n=dimV. O

Corollary 4.19. If T : V — W is a linear map and U C V is a subspace such that 7|y is injective,
then
dimU = dimT'(U).

Proof. Restrict T' to U. Since T'|y is injective, T'|y : U — T'(U) is bijective, hence an isomorphism.
By the lemma, dim U = dim T'(U). O

Theorem 4.20 (Rank—Nullity). Let 7': V' — W be linear, where V is finite-dimensional. Then
dim V' = rk(T") + dimker (7).
Proof. We first choose a basis of the kernel. Let

(V1. Um)

be a basis of ker(T"). Extend this to a basis of V:

(Upy e vy Uy Vs e ey Upn),

so that
dimV =k +m.

We claim that (T'(u1),...,T(ug)) is a basis of im(7T).
Linear independence: Suppose
MT(ur) 4 -+« + AT (ug) = 0.
Then
T(AMug + -+ Apug) =0,
SO Ajug + - + Apug € ker(T). But the set

(Upyen ey Uky ULy e ey Up)
is a basis of V, so the only way a linear combination of uy, ..., u lies in Span(vy,...,v,,) is for all
Ai to be zero. Hence T'(uy),...,T(uy) are linearly independent.
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Spanning: For any v € V we can write

k m
v = Zaiui + Z,ijj.
i=1 j=1

Applying T gives

k m k
T(v) =Y oT(w)+ > BiT(v) = aiT(u;),
i=1 j=1 i=1
since T'(v;) = 0 for all j. Thus every element of im(7") is a linear combination of T'(u1), ..., T (ux),
so they span im(7").
Hence

rk(T') = dimim(7T) = k,

and therefore
dimV =k +m = rk(T) + dimker(T).

Structure given by the proof. The proof shows that we can choose bases

B=(ui,...,ug,V1,...,0m) ofV,

with (vy,...,vm) a basis of ker T" and (uy, ..., u;) mapping to a basis (T'(u1),...,T(ug)) of im(T").
If W is also finite-dimensional, we can extend (T'(u1),...,T(ug)) to a basis of W:

C = (T(ul), cee ,T(uk),wkH, ce ,wp).

With respect to these bases B and C we obtain a particularly simple matrix:

(I O
where [ is the k x k identity matrix and k = rk(7).

Remark 4.21. This shows that a linear map 7' : V. — W of rank k can always be written, in
suitable bases of V and W, as the block matrix

I, 0
0 0/
Conversely, the rank of such a matrix is &, so the rank is the unique integer k such that ¢[T]g can

be brought to this form.

Corollary 4.22. Let A € My,xn(F), and let T4 : F™ — F™ be the associated linear map. Then
there exist invertible matrices Q € GL,,(F'), P € GL,(F) such that

I, 0

-1 _ (&

where k = rk(A). In other words, A is equivalent to this canonical form under row and column
operations.
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Row and column operations viewpoint. Using Gaussian elimination, we can perform row operations
to obtain a row echelon form, and then column operations to reach the block matrix

I 0O
0 0/
Remark 4.23. Given any matrix A € My, ,(F) of rank k, if B and C are the standard bases

of F™ and F™, respectively, then ¢[T4]p = A. By the above we can find bases C’, B’ such that

c'|Talp = (I; 8), in block form. We conclude that:

I, 0\ ,_
A:Q(O'“ 0>P1,

where Q) = ¢[I]¢c» and P = p[I]p:. In other words, we have:

{Matrices A € My, »,(F) of rank k}

=1{Q <I(;“ 8) P71 Q€ My ;(F), P € M, ,(F) are invertible}.

A similar consequence is that, for any finite-dimensional vector spaces V and W with dimV =n
and dim W = m, and an arbitrary linear transformation 7" : V' — W, the possible matrices «[T]p
one can get, as B and C run over all bases of V and W, respectively, are precisely

crla =0 (3 0) P

as @ and P run over all invertible matrices of sizes m x m and n x n, respectively (and they are
I
the change-of-basis that goes from ¢[T]|p to the matrix ( (f 8)) By the preceding paragraph,

c|T]p can therefore be any matrix of rank k and size m x n. So the set of possible matrices one
can get, allowing B and C' to vary, depend only on the dimensions of V and W and the rank of T,
and nothing else.

Corollary 4.24. Let T : V — W be linear, with V and W finite-dimensional. The following are
equivalent:

(1) T is bijective (an isomorphism).
(2) T is injective and dim V' = dim W'.
(3) T is surjective and dim V' = dim W'.

Proof. (1)=(2),(3): If T is an isomorphism, it is in particular injective and surjective. By the
lemma above, dimV = dim W.
(2)=-(1): If T is injective, then ker " = {0}, so by rank—nullity
dimV =rk(T") + dimker T" = rk(T').
But dimV = dim W, so rk(7') = dim W. Hence im(7T) is a subspace of W of full dimension, so

im(7T) = W, i.e. T is surjective as well. Thus T is bijective.
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(3)=(1): If T is surjective, then im(7") = W, so
tk(T) =dim W = dim V.
By rank—nullity,
dimV = rk(T') + dimker T’

forces dimker T" = 0, hence ker 7' = {0} and T is injective. So T is bijective. O

We can also interpret this in terms of left and right inverses:
Proposition 4.25. Given a linear transformation 7 : V — W for V and W finite dimensional:

1. There exists a left inverse S : W — V, i.e., such that S oT = [y, if and only if T is injective;

2. There exists a right inverse S : W — V, ie., T oS = Iy, if and only if T is surjective.

Proof. 1. First, if there exists a left inverse, then S o T = [y is injective, so 1" must also be
injective. Conversely, if T is injective, ker T = 0, and pick a basis B = (vi,...,v,) of
V. We then have that Ty, ..., Tv, is linearly independent and can be extended to a basis
(Tvi,...,Tvp,w1,...,Wyn—pn) of W. We then define S(Tv;) = v; and S(w;) = 0, and this
uniquely extends to a linear map S : W — V with the property that S(7(v;)) = v; for all i,
and hence SoT = Iy, as (v1,...,v,) is a basis.

2. First, if there exists a right inverse, then T o S = Iy is surjective, so T" must also be surjec-
tive. Conversely, if T is surjective, pick a basis B = (v1,...,Upn,u1,...,ux) of V such that
(uy,...,ux) is a basis for kerT. So (T'vi,...,Tvy,) is a basis of C, as above. We can then
define S(Tv;) = v; for all ¢, and this uniquely extends to a linear map S : W — V with the
property that T o S(Tv;) = Tw; for all i, s0o T oS = Iy as (Tvy,...,Tv,) is a basis of W.

O

Corollary 4.26. For V, W finite-dimensional vector spaces, and T : V' — W a linear transforma-
tion, the following are equivalent:

1. T is bijective (i.e., an isomorphism);
2. T has a left inverse and dim V = dim W
3. T has a right inverse and dim V' = dim W.

Remark 4.27. As before, if T is invertible, any left inverse is the inverse, and any right inverse is
the inverse.

Taking matrices, we recover what we knew before, that square matrices have an inverse if and
only if they have either a left or a right inverse (and, as we saw, every left or right inverse in this
case is an inverse).

Dual vector spaces

Definitions and basic properties

Definition 4.28. V* :={T": V — F linear} is the vector space of linear maps from V to F'
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The addition is (f + ¢g)(v) = f(v) + g(v) and the scalar multiplication is (Af)(v) := A(f(v)).
This is also denoted as Hom(V, F'); more generally Hom(V, W) denotes the vector space of linear
maps from V to W.

Exercise 4.29. Verify the vector space axioms for Hom(V, W) := {T": V' — W linear}, and hence
also for V*.

Example 4.30. Consider the case V = F", viewed as column vectors. Then we have seen that
all linear maps V — F = F! are given by multiplication by matrices, in thes case row vectors
u € My ,(F). In other words, if we think of V as the column vectors M, 1(F), then we can
identify the dual with row vectors M ,(F), so that if u € M; ,(F) and v € M, (F), we get
the linear transformation T, : M, 1(F) — M;1(F) = F. Precisely, this gives an isomorphism
Mp1(F) — M ,(F)*, u— T, (omitting the identification M ;(F) = F, () — A).

The preceding example shows that dualising a finite-dimensional vector space produces another
which looks very similar, and in particular has the same dimension (we will explain this in more
detail later, but this follows because dim V' = n implies V' = F™, and then V* = (F™)*).

In addition to dualising vector spaces, we can also dualise maps.

Definition 4.31. Given a linear transformation 7' : V' — W, the dual transformation 7% : W* —
V* is defined as T*(f) := foT.

Proposition 4.32. Given a linear transformation 7', the dual T* is also a linear transformation.

Proof. We have T*(f +g) = (f+g)oT = (foT)+ (9o T) = T*f + T*g, and also T*(\f) =
ToAf = AT o f = AT*(f). 0

Example 4.33. Let T'= T4 : F™ — F™. Then, identifying F™ = M, 1(F) and (F")* = M ,(F),
we have T7j (u)v = u(Av) which implies T{u = uA, i.e., T : M1, (F) — M ,(F) is the operation
of right multiplication by A on row vectors.

Proposition 4.34. Given a compositition

v—2sv T .,w

U* S* V* e W*,
we have (T'0 S)* = S* o T*. Also, I}, = Iy-.

Proof. The first assertion is just associativity of composition: (7°0S5)*(f) = fo(T'0S) = (foT)oS =
S*(T*(f)). The second follows from the identity for composition: fo Iy = f. O

Corollary 4.35. If T : V — W is invertible, so is 7%, and (T~1)* = (T*)~L.
Proof. We have T* o (T™1)* = (T o T)* = I}, = Iy~. Similarly (T~1)* o T* = I}, = Iyy~. O

Double dual subspace

Given a vector space V', we define the map
L Vo= (V)0 b, w(f) = flo). (4.36)

Notice that no basis is required in order to define this map!
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Proposition 4.37. The map ¢ is injective and linear (assuming V is ﬁnite—dimensional)ﬂ

Proof. The linearity follows because ty1(f) = f(v + ') = f(v) + f(V) = w(f) + tw(f), and
similarly ¢, (f) = Aty (f).

For injectivity, suppose that v € V' is nonzero. Then we have an inclusion F' - v = Span(v) C V
of subspaces, so by Proposition the restriction map V* — (F'-v)* is surjective. That is, there
exists f € V* with f(v) # 0. Then ¢,(f) = f(v) # 0 as well, so ¢, # 0. Thus, we conclude that
ker(t) = 0, so that ¢ is injective, as it is linear. O

We will see that ¢ is actually an isomorphism when V is finite-dimensional. To do this we will
find a basis for V*, which is important on its own and very useful for writing matrices.

Definition 4.38. Given a finite basis (v1,...,v,) of a vector space V over F, let vy,...,vY € V*
be the functions v/ (Av1 + -+ 4+ Apvy) = Ai.

In particular, we have the useful formula

1 =
R ED (4.39)
0, otherwise.

vy (v5) = 0y 1= {

Proposition 4.40. The n-tuple (vy,...,v,) of elements of V* is a basis.

Proof. We first show that the tuple is linearly independent. Indeed, if f := A\vy + -+ A\v,, =0
then f(v;) = A\; = 0 for all i. Next we show that it spans. If f € V*, we claim that

f=flor + -+ flon)vy. (4.41)
Let g be the left-hand side. Then g(v;) = f(v;) for all 4, by definition. By linearity and the fact
that (v1,...,v,) span, we get that g = f. O

Definition 4.42. The basis BY := (vy,...,v)) is called the dual basis of B = (vy,...,vy).

e n

It will be useful later to note a companion formula for (4.41): for all v € V,
v =10y (V)v1 + -+ v (V)vn. (4.43)
We immediately deduce:

Corollary 4.44. For V a finite-dimensional vector space, V* is also finite-dimensional, and dim V* =
dim V.

This together with Proposition [4.37] yields:
Corollary 4.45. For V a finite-dimensional vector space, ¢ : V' — (V*)* is an isomorphism.

Proof. We have seen that ¢ is linear and injective. Since V' is finite-dimensional, so is (V*)*, and
it has the same dimension. Now ¢ is a linear map between finite-dimensional vector spaces of the
same dimension; so it is an isomorphism. O

2Finite-dimensionality is not required for the statement to be true; the proof in general requires one to work with
bases for infinite-dimensional vector spaces.
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Double dual basis

Given a finite dimensional vector space V and a basis B C V, we can form bases:
BV g V*,BVV g V**

But we also have an isomorphism:

LV S (V)

Proposition 4.46. Taking double dual basis recovers the image under the isomorphism ¢:
BYY = (B).

Proof. Let B = (vy,...,v,), BY = (vY,...,v,)), and BYY = (vy/Y,...,v/"). Then we have:

U(vi)(v)) = vjl (vi) = 6ij = v} (v)).

Now fix 4. Since ¢(v;)(v)') = vV (v)) for all j, by taking linear combinations of the basis (vy,...,vy)
of V*, we get ¢(v;)(f) = v/V(f) for all f € V*. That is, t(v;) = v)’/". O

As a consequence, v;Y depends only on v;, not on v; for j # ! This is not true about the dual
basis: v;” depends importantly on all of the v;. Indeed, it is defined so that v (vj) = 0 when i # j.

Example 4.47. Let V = F?2, with basis B = (vi,vs) for v; = e; and v = Ae; + e3. Then
vy = e — Xey. We see that it indeed depends on A, hence on vs.

In terms of column and row vectors: B = ((é) ) (i\)) and BY = ((1 O) ) (—/\ 1))

Orthogonal subspaces
Given W C V., we define W+ C V* by:
Definition 4.48. W+ := {f € V* | f(w) = 0,YVw € W}.
In other words, it is the set of vectors which annihilate all of W (are zero on all of W).

Example 4.49. Suppose that V has basis B = (v1,...,v,) and W = Span(vy,...,v) for some
1 <k <n. Then W+ = Span(v),,...,v)). For example, if V.= M, 1(F) and v; = ¢; is the
standard basis, then

ai

W = am Y1, ...,0m €EF 3, Wl:{(O e 0 by - bn,m):bl,...,bn,meF}

0

J
Proposition 4.50. If V is finite-dimensional, and W C V a subspace, then
dimV = dim W + dim W+.

Remark 4.51. When you learn about dot products / inner products, you see that can give an
isomorphism V — V*, and using this, the preimage of W will just be the usual subspace of vectors
which dot with all of w € W to zero.
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Dualisation and transpose

Theorem 4.52. Let V and W be finite-dimensional vector spaces with bases B and C, respectively.
Let T : V — W be a linear transformation. Then

sv[T*ev = [T (4.53)

Proof. Let B = (v1,...,v,) and C = (w1, ..., wy), with dual bases BY = (v),...,v/) and CV =
(wy,...,wy). Then

T*(wjv)(vi) = w;-/ oT(v;) = w;/(T(vZ))

By definition and (4.41)), the left-hand side is the ij-th entry of the matrix gv[T™|cv, whereas by
(4.43), the right-hand side is the ji-th entry of the matrix ¢[Tp. O

Example 4.54. In the case V = F", W = F™,  we can also verify the theorem directly from
Example m Every linear transformation from V' to W is of the form T4 for A € My, ,(F'). We
already knew the formula (., . . [Tal(e,..c,) = A. If we identify F" with column vectors, and
(F™)* with row vectors, then for u € M ,(F) a row vector, thought of as an element of V*, we

have
[u] (€Y,-.ey) — ut'

We found in Example that 7% (Ty,) = Ty, left multiplication by the row vector uA € M, (F') =
V*. We then get:
[Thu)ey,..ex) = WA (ey,...epy = (@A) = A'u’ = A'[u]

(e em)”

This implies (4.53)), by the definition of the matrix of a linear transformation.
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A Bonus material (not to cover in lecture): quotient vector spaces

Note: This topic will not be assumed knowledge for either the January exam or the final exam.

Let V be a vector space over a field F' and let U C V be a subspace. We define an equivalence
relation on V by v ~ v’ if v/ — v € U. The equivalence classes are the sets v+ U := {v+u:u €
U} CV for each v € V; these are also called cosets of U in V. Note that v+ U = o' + U if and
only if v/ —v e U.

Definition A.1. The quotient V/U := {v+ U : v € V'} is the set of equivalence classes under the
equivalence relation above.

Lemma A.2. The quotient V/U is naturally a vector space, under addition (v +U) + (v +U) =
(v+ ') + U and scalar multiplication A\(v + U) = () 4+ U.

Proof. We need to check the axioms. The zero element of V/U is U: U+ (v+U) = v+ U for all v.
The axioms of a commutative group follow from those of V: commutativity, associativity, and the
negation are all the same: (v+U)+ (V' 4+U)=(v+0)4+U=W"+0v)+U="+U)+ (v+U),
and similarly (v4+U)+ (' +U))+ (0" +U) = v+ +0"+U) = (v4+U)+ ((v'+U) + (v" +U)),
and ((v+U)+ (—v+U)) = U. Similarly, the associativity of scalar multiplication, the unit axiom,
and the distributivity properties all follow from those of V. ]

Theorem A.3 (The First Isomorphism Theorem, for vector spaces). Given a linear transformation
T :V — W, we have an isomorphism T : V/ker T — im T, given by T'(v + ker T') = T'(v).

Proof. We first check that T is well-defined: if v + kerT = v’ + ker T, i.e., v — v’ € kerT, then
TW +kerT) =T(") =T(v) =T(v+kerT).

Next we check that T is linear: T((v + kerT) + (v + kerT)) = T'(v) + T(v') = T(v + ') =
T((v+v") +kerT). Similarly, T(A(v+ker T)) = T(Av +ker T) = T(\v) = AT (v) = AT (v + ker T).

We check that T is injective: it is equivalent to show that its kernel is zero, since it is linear.
Now T(v + ker T') = 0 if and only if T'(v) = 0, i.e., v € ker T, so that v + ker T = ker T

Finally we check surjectivity. If w € imT then w = Tw for some v, and hence w = T(v +

ker T'). O

As a consequence, tk7T = dimim7 = dimV/kerT. In other words, the rank-nullity theo-
rem (which we proved only for finite-dimensional vector spaces) can be rewritten, using the first
isomorphism theorem, as the following (which we only have proved for V finite-dimensional):

dimV = dim(V/kerT') 4+ dimker T". (A.4)
This statement is more intuitive. We can generalise it to:
Proposition A.5. Let V be a vector space and U C V a subspace. Then dim V' = dim U+dim V/U.

Proof. We can use the projection map 7 : V — V/U, w(v) = v+ U. This map is clearly surjective
and linear, and the kernel is U since v + U = U if and only if v € U. Thus the result follows from

(B9 O

Remark A.6. Alternatively, we could prove this directly (rehashing the proof of the rank-nullity
theorem): take a basis (ug,...,u,) of U, extend to a basis (u1,...,Umn,v1,...,v,) of V, and then
observe that vy + U, ..., v, + U form a basis for V/U.
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Remark A.7. Note that in the case that F' = F,, then |[F"| = p". So if dimV =n, V = F",
and hence |V| = p". Thus, for F' = F, and V finite-dimensional, becomes equivalent to the
statement

VI=Iv/ul-|U].

This suggestive equality will also hold in the more general context of subgroups of finite groups, as
you will learn in Term 2.

Observe that every linear map 7T : V — W factors as a composition of linear maps as follows:

V —"» V/kerT ; im7 < w, (A.8)

and so everything can be reduced to the three cases:

e projections m : V — V/U, the content of the rank-nullity theorem, where it becomes Propo-

sition

e isomorphisms, where the rank-nullity theorem reduces to saying that the dimension of the
source and target are the same,

e inclusions ¢ : U — V, where the rank-nullity theorem is trivial.

Dual nature of subspaces and quotient vector spaces, and the orthogonal sub-
space

Recall that, given a subspace U of a vector space V, the orthogonal subspace of V* is defined as
Ubt:={feV*|flu)=0,YuecU}CV*

Proposition A.9. There is an isomorphism (V/U)* — U+ given by the map 7* : (V/U)* —
V*, f— fom.

Proof. First note that fom(u) =0 for all w € U. Thus the map (V/U)* — U~ is well defined, and
by definition it is linear.

It is injective because, if f € (V/U)* # 0, then there must be some v € V, with such that
f(v4+U) # 0. But then fon(v) # 0 as well, hence 7*(f) # 0.

Finally, we check surjectivity. If g € U+, we can consider f € (V/U)* with f(v + U) := g(v).
This is well-defined because g(u) = 0 for all u € U, and g = 7*(f). O

Thus, the dual vector space to a quotient vector space is naturally a subspace of the dual
vector space, just the orthogonal. The other way is slightly more work: Consider the inclusion map
i: U — V for a subspace U of a vector space V. Then the dual i* : V* — U* is just the restriction
map: i*(f) = foi just sends u € U to f(u), i.e, fly.

Proposition A.10. The map i* is surjective, with kernel U+ (assuming V is ﬁnite—dimensional)
By the first isomorphism theorem, this has the immediate consequence:

Corollary A.11. We have an isomorphism V*/U+ — U*, f + U+ — f|y.

3Finite-dimensionality is not required for the statement to be true; the proof in general requires one to work with
bases for infinite-dimensional vector spaces.
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Proof of Proposition[A.10. Given f € U*, we can form a basis for U, (uy,...,u;) (Since V is finite-
dimensional and U C V, U is also finite-dimensional), and extend it to a basis (u1, ..., Um,v1,...,vn)
for V. Then we can extend f to the linear map f(Ajus + -+ + At + vv1 + -+ + Vpvp) =

fqur + -+ Aptim).
The statement about the kernel follows by definition of U+ (f|;r # 0if and only if f € UL). O

As a result, the dual of a subspace identifies with a quotient of the dual space.
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